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Abstract 

A k- uniform loose cycle C„ is a hypergraph with vertex set {vi, f 2 ,■• ■, v n (k-i )} 
and with the set of n edges a = {?; (i _ 1)(A ,_ 1)+1 , t (l _ 1)(fc _ 1)+2 ,..., u (i _ 1)(fc _ 1)+fc }, 
1 < i < n, where we use mod n[k — 1) arithmetic. The Ramsey number 
is asymptotically ~(2 k — 1 )n as has been proved by Gyarfas, Sarkozy 
and Szemeredi. In this paper, we investigate to determining the exact value of 
diagonal Ramsey number of and we show that for n > 2 and k > 8 

7 ? — 1 

R{C k n ,C k n ) = (k- l)n+ L—J- 
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1 Introduction 


For given /c-uniform hypergraphs T~L\ and T~L- 2 , the Ramsey number is the 

smallest number N such that in every red-blue coloring of the edges of the com¬ 
plete /c-uniform hypergraph there is a red copy of T-L\ or a blue copy of 'H.2- A 
k-uniform loose path (shortly, a path of length n ) is a hypergraph with vertex set 
{v\,V 2 , ■ ■ ■, v n (fe_ 1 ) +1 } and with the set of n edges e ? ; = {v\,V 2 , ■ ■ ■ ,Vk} + (i — 1)(A: — 1), 
i = 1, 2,..., n. For an edge e of a given loose path (also a given loose cycle) /C, the 
first vertex and the last vertex are denoted by fjc >e and Z^.e, respectively. For k = 2 
we get the usual definitions of a cycle C n and a path P n with n edges. 

One of the most important problems in combinatorics and graph theory is de¬ 
termining or estimating the Ramsey numbers. In contrast to the graph case, there 
are few known results about the Ramsey numbers of hypergraphs. Recently, several 
interesting results were obtained on the Ramsey numbers of loose cycles in uniform 
hypergraphs. Haxell et al. [12] showed that the Ramsey number of 3-uniform loose 
cycles is asymptotically More precisely, they proved that for all p > 0 there 
exists no = no(??) such that for every n > no, every 2-coloring of ZC;^ 1+ , , 2 contains 

1 This research is partially carried out in the IPM-Isfahan Branch and in part 

supported by a grant from IPM (No. 91050416). 
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a monochromatic copy of C 3 . As extension of this result proved by Gyarfas, Sarkozy 
and Szemeredi ED) shows that the Ramsey number of fe-uniform loose cycles is 
asymptotically \{2k — 1 )n. However, those proofs are all based on the method of 
the Regularity Lemma. Concerning to exact values of Ramsey numbers of loose 
paths and cycles with at most 4 edges we have the following result. 


Theorem 1.1 For every k > 3, 

(i) R(C k ,C k ) + 1 = 2k — 2 (to see a proof see Appendix A). 

(ii) ( 0 ) R{VlV f) = R(C k ,V k ) = R(Cl,Cl) + 1 = 3fc - 1. 
(hi) (0)R(R 4 fc ,R!) = R{Cl,V\) = R(C\,C\) + 1 = 4fc- 2. 


Regarding to Ramsey numbers of 3-uniform loose paths and cycles with arbitrary 
number of edges, in [9], the authors posed the following question. 


Question 1.2 For every n > m > 3, is it true that 


RiVlV'i) = R(VlCl) = R(C 3 n ,C 3 J + 1 = 2 n + 


m + 1 


J ? 


In particular, is it true that 


R{Vlvl) = R{ClCl) + l 


-5 n~ 

T 


? 


Recently, this question is answered positively (see m and m)- In [15] the authors 
posed the following conjecture on the values of Ramsey numbers of fc-uniform loose 
paths and cycles for k > 3. 


Conjecture 1.3 Let k > 3 be an integer number. For every n > m > 3, 

R(V k n ,V k J = R(Ttd) = R(C k n ,C k J + 1 = {k- 1 )n + (1) 

In [T5], the authors also demonstrated that 

Theorem 1.4 For n> m, if R(C k ,C!^) = (k — l)n + then 

R{V k ,V k m ) = R(V k ,C k n ) = (k - l)n+ L^^J- 
So they digested Conjecture 1 1. 31 to the following conjecture. 

Conjecture 1.5 Let k > 3 be an integer number. For every n > m > 3, 

R(CtCt) = (k- l)n+L^xij. 

In this paper, we investigate Conjecture 11.51 for the case n = m. More precisely, 
we prove the following theorem. 

Theorem 1.6 For every integers k > 8 and n > 2 
R(Cn’C k ) = (k — l)n + \ ■ 
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Using Theorems 11.41 and 11.61 we conclude the following result. 

Theorem 1.7 For every integers k > 8 and n > 3 

RiVtV k n ) = R(V k ,C k ) = R(C k ,C k ) + 1 = {k- l)n+ L^J. 

Using Lemma 1 of [0], we have R(C k ,Cm ) > {k — 1 )n + Therefore, in 

order to prove Theorem 1 1.61 it suffices to verify that the known lower bound are also 
upper bound. 

Throughout the paper, we denote by 7i ie d and %blue the induced fc-uniform hy¬ 
pergraphs on the edges of R with color red and blue, respectively. Also we denote 
by | H | and ||%|| the number of vertices and edges of ~H, respectively. 

The rest of this paper is organized as follows. In the next section, we give an 
outline of the proof of Theorem 11.61 In Section 3, we state some definitions and 
key technical lemmas required to prove the main theorem. For the sake of clarity of 
presentation, we omit the proofs in Section 3 and we refer the reader to Appendix 
A to see the complete proofs. We will present a complete proof of Theorem 11.61 in 
Section 4. In section 5, we conclude with some further remarks and open problems. 

2 Outline of the proof of Theorem 11.6 

In this section, we sketch the main idea of our proof for Theorem 11.61 We give a 
proof by induction on the number of vertices. By Theorem 1 1.1 1 we may assume that 
n > 5. Let /(n) = (k — 1 )n + and suppose to the contrary that R = is 

2-edge colored red and blue with no monochromatic copy of C k . We consider three 
following cases. 

Case 1: n = 1, 2,3 (mod 4) 

First we show that there are two monochromatic copies of C k R j +1 of colors red 
and blue (see Claims [TTI and I3~8l) . Then among all red-blue copies of Cpu-^s choose 
red-blue copies with maximum intersection, say C\ and C 2 . It is not difficult to see 
that 

|u(Ciuc 2 )| <i?(cf tJ+1 , C L§ J+i) + L 

Clearly \V(H) \ V(C\ UC 2 )| > f(n — 1 — |_§J). So, by induction hypothesis, there is 
a monochromatic C k _^ , nj, say C 3 = eie 2 ... e n _i_[a.j, disjoint from C\ and C 2 . By 
symmetry we may assume that C 2 and C 3 are both in "Hbiue and C\ C % re d- 

Since there is no red copy of C k , we can find a red copy of say 

C 4 = h\h ,2 ■ ■ ■ , so that for each l<i<n — 1— |_§ J, k — 2 < \hiHeil < k — 1. 

For even n, this follows from Claims 14.171 and 14. 181 For odd n we use Claims I4~T1 and 
14.51 In the rest of the proof, we find a red copy of C k by joining C\ and C 4 . If n = 6, 
we do this by applying Claims 13. 101 14.181 and 14.191 Otherwise, we apply Claims 23 
14.51 and 14.61 when n = 4 1,3 and Claims 14.101 14.171 and 14.191 when n = 4 2 . This is a 
contradiction to our assumption. So we are done. 
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Case 2: n = 0 (mod 4) 

In this case, first we show that there are two disjoint isochromatic Cl. By 

2 

symmetry we can suppose that C\ = gig 2 ■ ■ ■ g?± and C 2 = h\h ,2 ■ ■ ■ h™ are such cycles 
in blue' As we assumed that there is no blue copy of C k , we make a copy of C k in 
Hied as follows. Let W = V{H) \ V{C\ U C 2 ). Since n > 8, we have \W\ > 3. Use 
Lemma [3781 for e* = g 1 , fj = hi and B = {wi,W 2 ,wz} C W to obtain two red paths 
E\ and Fi with desired properties. Assume that 


9i = {xi,X 2 , • 

Ti 

.. ,x k } + (k- l)(z - l)(mod (k - 1)-), i = 1,2,.. 

n 

" ’ 2’ 

hi = {yi,V2, ■ 

Ti 

■ • ,Vk } + {k- l)(i - l)(mod (k - 1)-), i = 1,2,.. 

n 

' ’ 2' 


Now, use Lemma [3791 for e, = 52 , fj = h 2 and £1 = Ei (resp. £\ = F{) to obtain 
two red paths £2 and T 2 (resp. £2 and To) of length 4 with mentioned properties 
of Lemma 13.91 (this can be done by a suitable renaming of the edges of C 1 and C 2 ). 
In the next step, for 2 < l < ^ — 2, use Lemma U, 1 01 for red paths £ 1 , Ti (resp. £1 
and T), e* = gi + \ and fj = hi + 1 to obtain two red paths £[ + i and Ti + 1 (resp. £ 1+1 
and Ti + i) with properties of Lemma 13. 101 Note that each of £«_i, an d 

Tii-i has n — 2 edges. 

Let £n_i =pip 2 • ..p n - 2 , x G 5 |_i\(£n_iU{/ Cl>9 „ J), y' G {hi\{y k })n(pi\p 2 ) 
and y" G (Ls_ 1 \ { fc 2 ,hn_ ,}) H (p n _ 2 \p n - 3 )- Now, we define two edges q and g' as 

2 T 

follows. Let 


q - {x, • • • > a; (fe_ 1 )(|_ 1 ) + L|j} U {y(fe-i)|-[|]+2’ • • • ? 2/ / }’ 

and 

^ = { x (fc-i)(f-i)+L|J ’ x (fc-i)(§-i)+L|j+2> x (fc-i)(f-i)+L|j+3> ■ ■ ■ > x (fc-i)f > v ) 

U{y", Z/(fe-i)(5-i)+2, ■ ■ ■, V( k - i)(f-i)+L|j }■ 

If at least one of q or q' is blue, then we can find either a red copy of (using the 
red paths £q -\, Ti±_\, £^-1 and J-N_i) or a blue copy of C 7 k t (using the blue cycles 
Ci and C 2 ). Hence, £ j ±-\q'q is a red copy of C k . This contradicts our assumption. 


3 Preliminaries 

In this section, we present some results that will be used later on. For the clarity 
of presentation, except Lemmas 13.71 and 13.111 (their proofs are completely similar to 
the proofs of Lemmas 13.61 and 13.101 respectively), the proofs of all results in this 
section will be given in Appendix A. 
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Lemma 3.1 Let n > 3, k > 6, / > {k — 1 )n and LL = K, k be 2-edge colored red and 
blue. If there is a C k C LL Ic d and there is no red copy of C k _ 1 , then C k C 'Fbiue- 

Lemma 3.2 Let n > 3, k > 6 , f > (k — 1 )n and Li = K. k be 2-edge colored red and 
blue. If there is a C k C Li ved and there is no red copy of C k _ 2 , then C k C Liune- 

Remark 3.3 In the sequel of this section assume that n > 5, k > 8, I 2 > l\ > 2, 
l\ + h < n and Li = /C^ 1 ^ n| ^ n -ii Is 2-edge colored red and blue. Also, let C\ = 

eie2 • • • e; x and C 2 = /1/2 ■ ■ ■ fi 2 be two disjoint cycles in %biue with edges 
ei = {vi,v 2 ,...,v k } + {k-l)(i-l) (mod{k - l)h), i = l,...,h 

and 

fi = {ui,u 2 , ■ ■ ■ ,u k } + {k - l)(i - 1) (mod(k - l)/ 2 ), i = l,...,l 2 , 
respectively, and W with \W\ >2 be the set of vertices uncovered by C\ U C 2 - 
Let e t and fj be two edges of C\ and C 2, respectively and g = EijW'uF, where 

• E = E’ U {V} for v 1 G (e*_i \ {/c 1>ei _i}) U (e i+1 \ {l c 1 ,e i+l }) and E 1 C F(e*) \ 

{/Ci,ei; lC\,ei\- 

• F = F'U {u'} for v! G {fj -1 \ {fa,/^}) U {fj +1 \ fe,/ J+ i}) and F' C F(/j) \ 

{fc 2 ,fj^c 2 ,f j }- 

• W' C W. 

• |F| = p > 1, IlL'l = q > 0, |F| = r > 1 and p + q + r = k. 

We say that 5 is of type A, B, C or D if (V, u') G (ei-ififc^a-A ) x (/j+Afe.F+i}); 
(«'>«') G {e i+l \{l Cl , ei+1 }) x (/hM/c^J), (■ v',u') G (e*_i \ x (/j-i \ 

{/c 2 }) or (n',n') G (e i+ i \ {/ci,e i+1 }) x (f j+1 \ {k 2 ,f j+ J), respectively. By Aij, 
Bjj, Cij, T>ij we mean all edges of type A, B , C , F corresponding to the edges e* 
and fj, respectively. 

Remark 3.4 Consider the edges e* and fj. For g G A VJ {resp. g G Bjj) and for 
every v" G e i+1 \ {V{g) U {lci,e i+1 }) {resp. v" G e*_ 1 \ (1/(5) U {fci^-t})) and 
u" G fj- 1 \ (resp. n" G f j+1 \ {k 2 ,f j+ J). ^ere is an edge 5' G (resp. 

A G Aij) where {u",v"} C g' and gDg' = 0. T/ie same result holds for the edges of 
types C and D. 

Remark 3.5 If there is no blue copy of Ci 1 + i 2 in Li, then there are no two disjoint 
edges g G Aij {resp. g G Cij) and g' G Bij {resp. g' G T>ij) of colors blue in Li. 
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Lemma 3.6 With the same assumptions in Remark 13.3L let e* and fj be two arbi¬ 
trary edges of C\ and C 2 , respectively, and C C {v}, where v £ e* \ {fci,eiJci,ei}- 
Also, let B = {wi, W 2 } C W and let e £ {e*, fj } 6e an edge of C r for some r £ {1, 2}. 
Assume that v', v", u' and u" are distinct vertices so that v' £ ej_ 1 \ {/ci, ei _i}j 
v" £ e,_|_i \ {l Cl ,e i+1 }, u' € fj-i \ {fc 2 Jj- 1 } and u" £ / J+ i \ {^ 2 ,/,+i}- U there is no 
blue copy of Ci 1 + i 2 , then we can find a red path V = g±g 2 so that for some vertex 
w £ e \ ({/c r , e } U C), we have w ^ V and the following conditions hold. 


*) 


V(V) C (y( ei )\(C'U{/ Cl ,e i , k^})) u(V(/l)\{/c 2 , fj ,k 2 , fj ,}) UB'UW, v", u', u"} 
where B' C B with \B'\ < \C\ + 1. 


**) l5mn(e i \{/c 1 , ei ,Zc ll e i })| > 2 , \g m ^(fj\{fc 2 j j ,k 2 j j })\ >2, for m = 1 , 2 . 
in) If\C\ = 1, then either w\ £ g\ \g 2 andw 2 £ g- 2 \gi or\BC\gi\ = \BC\g 2 \-\-l = 1. 


By an argument similar to the proof of Lemma 13.61 in Appendix A, we have the 
following. 


Lemma 3.7 With the same assumptions in Remark 13.3L let e,; and fj be two arbi¬ 
trary edges of C\ and C 2 , respectively. Assume that v', v", u' and u" are distinct 
vertices so that v' £ ej_i \ {fcua-A- v" £ e i+ i \ {k u e i+1 }, u' G fj -1 \ {fc 2 ,f,- J 
n" £ /j+i \ {^c 2 ,/j+i}• If there is no blue copy of Ci 1 + i 2 , then we can find a red path 
V = gig 2 so that the following conditions hold. 


V{V) C (V( ei ) \ {fa^lCuet}) U (V(fj) \ {fc 2jj ,lc 2 j ■■}) U {v',v",u',u"}. 

1 9m n (ei \ {fcuetJcue J)l > 3,1 9m n (fj \ {fc 2 J j ,k 2 ,f j })\ > 3, for m = 1,2. 


Lemma 3.8 With the same assumptions in Remark 13.31 let e j and fj be two arbi¬ 
trary edges of C\ and C 2 , respectively. Also, let B = {w\,W 2 ,w^} C W. If there is 
no blue copy of Ci 1 + i 2 , then we can find two red paths E\ = g 1 g[ and F\ = gig\ so 
that the following conditions hold. 

• V(E\),V(Fi) C (v(ei) U V(fj) U B'^j \ {u,v} for some v £ ei, u £ fj and 
B' C B with \B'\ = 2. 

• e i \(V(E l )U{fc 1 , ei ,k 1 ,e i ,v}) 7^0 and f j \(V(F l )U{fc 2 j j ,k 2 J j ,u}) 7 ^ 0 - 

• l(9i\gi) n (ei \ {fcueiJcueJ)! > 1 . \(g[ \gi) n (fj \ {/c 2 ,/ J ^c 2 ,/,})| > 1 . 

• \(gi\g'l) ^ (ei\{fc u ei,k u ei})\ > 1- \(gi \ 9l) n (fj \ {fc 2 J j ,lc 2 ,f j })\ > 1- 

• \(g\ \gi) n (e* \ {/c 1 ,e i ,fc 11 e i })| > i, Ite'i \si) n (fj \ {/c 2 ,/ J ^c 2 ,/,})l > i- 

• 1(51 Wi) n (ei \ {/c 1 ,e i ,fci,e i })| > 1 , 1(51 Wi) n (fj \{/c 2 ,/i^e 2 ,/i})l > l- 

• l-B' n (51 \ ffi)| = l-B' n (g( \ 9 i)| = I B’ n (gi \ g\)\ = \B' n (g\ \gi)\ = 1 . 

Lemma 3.9 With the same assumptions in Remark 13.31 let h > 3 and ei and fj 
be two arbitrary edges of C\ and C 2 , respectively. Also, let £\ = E\ = gig( be a red 
path of length 2 with the following properties. 
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• V(Ei) c (V(ei- 1 ) U V(fj-i) u B') \ {it,?;} where v G e,_i \ {/c liei _J, « G 
fj -1 \ {fc 2 Jj-i} and B' CW with \B'\ = 2. 

• l(5 ,, i\5 , i)n(e i _i\{/c 1 , ei _ 1 ^ci,e i _i})| > 1, Kffi\9l)n(/,-i\{/c 2j /,•_!, iCaJj-iDI > 

1. 

• (s'l \5i) nB' = M- 

If there is no blue copy of Ci 1 + i 2 , then there are two red paths E 2 = g 2 g ' 2 and F 2 = 
g 2 g' 2 of length 2 so that the following conditions hold. 

• V(E 2 ),V(F 2 ) C ((F(ei) U F(/,)) \ {/ Cl , ei U /° r S01Tle V G 

te-i \ {fcuei-!}) n (F(Ei) U M), U € (/,_! \ {/C 2 , /,_,}) n {v{E l ) u {«}). 

• ^ \ i E 2 U {/ci,ej) + 0 and fj \ (F 2 U {/c 2 ,/,}) / 0. 

• \(9 , 2\92)n(e i \{fc uei ,le 1 ,e i })\ > 1, 1(^2 \&) n (fj \ {fc 2 ,fjJc 2 ,fj})\ > L 

• £ 2 = £\ E -2 and E 2 = £\F 2 are two red paths of length 4. 


Lemma 3.10 ITzf/i f/te same assumptions in Remark EH let i >2 and 

£%—\ = -Ei^2 • • • Ej_i, Ej-i = E1E2 ... Ej_i 

6e two red paths of length 2i — 2 where for each 1 < t < i — 1, E t = g t g[ and F t = g t 9't 
are red paths of length 2 with the following properties. 

P\: For each 1 < t < i — 1, 

V(E t ), V{F t ) C (V(e t ) \ {/ Cl , e J) U (V(f t ) \ { fc 2 j t }) U5 ( U {v t , u t } 

where v t G e t -i \ {fc u e t -i}, «t € ft -1 \ {fc 2 ,f t -i}> \ B t\ < 2 for t = 1 and 
\Bt\lJ%\Bf < 1 fort + l. 

P 2 : For t = i — 1 


• et \ {E t U {f Cl ,e t }) + 0 and f t \ {F t U {/c 2 ,/ t }) + 0. 

• IGAft)n(eA{/c liet ,W)l ^ \ 9 t) n {ft \ {/c 2 ,/ t Jc 2 ,/ t })l > i- 

• I (9't\9t) n ( e * \ {/Ci,e t ,fci,eJ)| > 1, \ 0t) n (/t \ {/c 2 ,/t> i c 2 ,/*})l > L 

If there is no blue copy of Ci 1 + i 2 and W \ Ut=i B t / 0. then there are two red paths 
Ej = gigl and F\ = ~g i g' i of length 2 such that the properties P\ and P 2 hold for t = i 
and for some V G {£i~\,£% = VEi and J 7 ,; = VFi are two red paths of length 
2 i. 

The proof of the following Lemma is similar to the proof of Lemma 13.101 

Lemma 3.11 Let £,;_i = E 1 E 2 ... Ej_ 1 and E{-\ = T 1 T 2 ... T}_ 1 be two red paths 
of length 2i — 2 with the same properties of Lemma 13.101 Let v G ej+i \ {/ci,e i+ i} 
and u G fi+i\{lc 2 ,f i+1 } are two distinct vertices so that {?;, u} n V{£i-\ U Pi-i) = 0. 
If there is no blue copy of Ci 1 + i 2 , then there is a red path Ei = gig[ of length 2 such 
that the following conditions hold. 
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• V{Ei) C (V(ei) \ {fcueiJcuei}) U (V{fi) \ {fajilkaji}) u {u,v,u',v'} where 
v' G 6 i-\ \ {fCi,ei—i } and v! G /;_i \ 

• |(9i\»i)n(e i \{/c 1> e i ,fci ) e i })| >2, |(5i \ffi) n (fi \{fc 2 ,fiJc 2 ,fi})\ >2. 

• For some V G {£j_i, = PE* is a red path of length 2i. 


Lemma 3.12 Lei n > 5 be odd, k > 8 and "E = K. k ,, , , n _i, 6e 2-edqe colored 
~ ’ ~ (k- l)n+[%ij a 

red and 6Zne. Lei Ci and C 2 6e two disjoint blue cycles of length and 

respectively. If there is no blue copy ofC!f, then there is a copy of 1 inIL ve d- 


Lemma 3.13 Let n > 6 be even, k > 8 and H = Kff, , . „_i. be 2-edqe colored 

(k l)n+[ 2 J 

red and blue. Let C\ and C 2 be two disjoint blue cycles of length S — 1 and § + 1, 
respectively. If there is no blue copy of C!f, then there is a copy o/C|, , in Tired- 

4 Proof of Theorem 11.6 

We prove the theorem by induction on n. By Theorem 1 1.1 1 the theorem holds when 
n < 4. Let /(n) = (k — l)n + |_yy-J and suppose to the contrary that H = 
is 2-edge colored red and blue with no monochromatic copy of C k . We consider the 
following cases. 

Case 1: n is odd 

Claim 4.1 There are two monochromatic copies of C k +1 of colors red and blue. 

Proof. Since /(^y^) < /(n), using induction hypothesis, there is a monochromatic 
copy of C k + 1 , say C\. Because of the symmetry we may assume that C\ C Tibiue- 

Since |P(Ci)| = (k - l)(2±i) and 

„.n—1. w n — 1, ,n — 3, . ,n + l. 

/(—g—) = “ !)(—2—'^ + J < ^ ~ ^ ~ 2“)> 

there is a monochromatic C 2 = C |_1 in V(fH) \ V(C\). If C 2 C Tibiuej using Lemma 

_ 2 

13.121 there is a copy of C|+i in Ti re d and so we are done. Now let C 2 C Ti re d- If 

2 _ 

there is no 1 in Tibiue> then using Lemma [34] there is a red copy of C k +1 and 
— 2 ~ ~ 2 ~ 

again we are done. Therefore, we may assume that we have a red copy of C k _ 1 and 

a blue copy of 1 . Among all red-blue copies of C|_i’s choose red-blue copies 
2 2 

with maximum intersection, say C'i and CV Set A = V(C' 1 ) U VIC.'?)- We can 
show that |A| < , C|_i) + 1. To see that, suppose to the contrary that 

|4| > ,C|_i) + 2 . Since 

2 2 

\A\ >max{|P(C , 1 )|,|P(C / 2 )|} + 2, 


8 











then B\ = V(C 1 i)\V (C ' 2 ) and B 2 = U(C' 2 ) \ U(C'i) are non-empty. Choose v\ G Si 
and V 2 G £> 2 and set 

t/=(7(C , i)uy(C / 2 ))\{r 1){ ) 2 }. 

Since \U\ > R(C ™-1 we have a monochromatic copy of Cn-i, say C. If C is 

2 2 2 

red, |C n C' 2 \ > \C'i H C' 2 1. If C is blue, then |C nC'il > |C'i Both cases 

contradict the choices of C'\ and C' 2 - So |A| < S(C|_i ,C|_i) + 1 . Clearly 

— 2 ~ 

f(RT)<f(n)-\A\. 

So using induction hypothesis, we have a monochromatic C|+ 1 , say C, in V(fH) \ 

2 

U(C'i UC' 2 ). If C is red, then C and Ci are desired monochromatic copies of 

_ 2 

If not, since there is no blue C%, using Lemma 13.121 there is a copy of C^+i , say C', 
in Hred- Clearly C and Ci are our favorable cycles. □ 

Among all red-blue copies of C n +1 ’S choose red-blue copies with maximum in- 

~ 2 ~ 

tersection. Let Ci C "H re d and C 2 C "H blue be such copies. Assume that Ci = 

d\d 2 ■■■ dn+i . An argument similar to the proof of Claim [LTI yields 
2 

|C(CiUC 2 )| < R(Cl+ 1 , 4 * 1 )+ 1. 

2 2 

Let B = V(T~L) \ V(C\ UC 2 ). It is easy to show that \B\ > f( n= ^-)- So, by induction 

hypothesis, there is a monochromatic C^_i, say C 3 , in B. By symmetry we may 

— 2 ~ 

assume that C 3 C Tid\ ne . Let C 2 = / 1/2 • • • fn±l 1 C 3 = ei e? ... e »-i and W 
\ {TL) \ V(C 2 U C 3 ) where 

fi = {ui,u 2 , ...,u k } + (k- l)(i - l)(mod (k - * = 1 , 2 ,..., 

and 

/ 71 — 1 \ 71 — 1 

e* = {V!,v 2 ,.. .,Vk} + (k — l)(i - l)(rnod (k - 1)(—^—)J, i = 1,2,■ 


Claim 4.2 Let fj be an arbitrary edge of C 2 and z G W. There are vertices u G 
fj- 1 \ {fc 2 ,fj- 1 }; e fj+ 1 \ fe,/i+i} ue fj\ {fc 2 ,f :i Jc 2 j J } so that the edge 

9 = (fj \ {fCn.fi > > «}) U {“> «'> 4 

is Wue. 

Proof of Claim 14.21 Suppose not. We may assume that /,■ = f n +1 ■ We find a red 

2 

copy of C% as follows. 

Use Lemma [3761 for e = e± (resp. e = f±) (by putting i = j = 1, v' = v\, v" = v k , 
v! = Uy. ^n+ij, u" = Uk, C = {ufc_i} and L> = {z,w 1} C W) to obtain a red 


9 











path E\ = gig[ (resp. Fi = ~g\g'i) with the mentioned properties of Lemma [3.61 

Let E\ = E\ and T\ = F\. We may assume that (g\ \ g[) n {z} = E\ n {z} (also 

(di \ d'l) hi {z} = Fi D {z}). Use Lemma f3. 10L times to obtain two red paths 

S n-3 and En-3 of length n — 3 with desired properties. 

2 2 

Let i = v = Vk-i, u = fc 2 ,f „+1 an d use Lemma r3.11l to obtain a red path 
E n -1 = O n—i qC-i so that for some P E , 7™^}. <f h.-i = VEn^i is a red path of 

2 2 —2— 2 2 2 2 

length n-1. Let £ n -i = hih 2 ... /i re _i, u G ( fn-i\{ fr, j n t })n(fe n _i \h„.-9.) and A = 

M (fc_i)( 2 ±l)- If ^ E Li, then set w' = ui. Otherwise, let u' E (/i \ {lc 2 ,fi}) O (hi \ hf). 
Now set 

9 = (. fn±l \ {fc 2 ,fn+l > l C 2 ,fn+l > “}) U {«> *}■ 

Clearly, En^ig is a red copy of C%, a contradiction to our assumption. This contra- 
2 

diction completes the proof of Claim 14.21 □ 

Claim 4.3 Let ej and fj be two arbitrary edges ofC^ andC 2 , respectively. For every 
vertices u' € fj \ {fc 2 J j } and x E fj _i \ {/e 2 ,p_i} [resp. u' E fj \ {lc 2 ,f d } and x E 

fj+i\{ l C 2 J j+ i})> there are vertices v £ ei \ {fc 3 , ei , k 3 ,ei} andu£ /,-i \ {/ca,P-i, 
[resp. u E f j+ 1 \ {Zc 2 ,/ J+1 ,a;}) so that the ed 9 e ( v (fj ) \ {/c 2 ,/,> w '}) u {b“} (resp. 
t/ie edfi-e (V(fj) \ {lc 2 ,f p u'}) U {pu}) is blue. 

Proof of Claim 14.31 By symmetry it only suffices to show that for every vertices 
u' E fj \ {fc 2 ,fj} and x E fj- 1 \ {fe 2 ,fj- J, there are vertices v E e* \ {/c 3 , ei , fc 3 ,ej 
and u E fj-i \ {fc 2 Jj-n x } so that the edge 

(H/jO \{/c 2 ,lX}) U{u,u} 

is blue. With no loss of generality we may assume that e* = e\ and f j = fn+i. 

_ J 2 

Suppose to the contrary that there are vertices u' E f n+i \ {fc 2 ,f n +i } an< I x ^ f n ~ 1 \ 
ifc 2 ,fn -1 } such that for every vertices v E e± \ {ui, v^} and u E f n-i \ {fc 2 ,f n - 1 , a;} 
the edge 

(U(/n±l) \ {/c 2 ,/n+l > u '}) u {«>“} 

is red. We can find a red copy of as follows. 

Use Lemma [3761 for e = e\ (resp. e = f\) to obtain a red path E\ = g\g[ (resp. 

F\ = 9 \9'i) with the mentioned properties of Lemma 13.61 (by putting i = j = 1, 

v' = ui, i/' = Vk, u' = u', u" = Uk, C = {ufc_i} and B = {tci,^} C W). Let 

E\ = Pi and T\ = F\. Use Lemma f3. 101 times to obtain two red paths En -3 

z 2 

and En-3 of length n — 3. 

2 

Let i = v = Vk- 1 , u = fc 2 ,f n+1 an d use Lemma 13.111 to obtain a red 

path En -1 = gn^ig'n-i so that for some P E |£n-3, En- 3 1. f r.-i = VEn-i is a 
2 2 “a - 222 2 
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red path of length n — 1. Let £ n-i = h\h 2 ... h n -i, v G (ei \ {ui,Ufc}) D (hi \ h 2 ), 

2 

u e {fn=i \ {fc 2 J n -i > x l) n (frn-i \ K- 2 ) and 

3 = (v (/nil) \ {fc 2 ,fn+i 1 w 7 }) U {u,«}. 

Clearly, Sn^ig is a red copy of C%, a contradiction to our assumption. This contra- 
2 

diction completes the proof of Claim 14.31 □ 


Claim 4.4 Let ei and fj be two arbitrary edges of C 3 andC 2 , respectively. Ifn> 7, 
f/ien /or every vertices z G fj and v G (e i+ i \ {ic 3 ,e i+ i}) U (e*_ 1 \ {/c 3 , ei _i}) edye 
( e A{/c 3 ,ei^c 3 ,ei})U{z, v} is red. Ifn = 5, then for every z G fj and v G {/c 3 , ei , fc 3 ,ej 
ide edge 

( e i \ {fc 3 ,eiJc 3 ,ei}) U {z, v} 

is red. 

Proof of Claim 14.41 We give only a proof for n > 7. The proof for n = 5 
is similar. Suppose for a contradiction that there are vertices 2 G fj and v G 
(c-i+i \ {A 3 ,e i+ i}) U (e*_i \ {/c 3 ,e»_i}) so that the edge 

9 = (V( e i) \ {fc 3 ,eiJc 3 ,ei}) U {z, v} 

is blue. With no loss of generality assume that v G ej+i \ {ic 3 ,e i+ i} (by symmetry 
the case v G e,;_i \{/c 3 , ei _ 1 } is similar). If z = lc 2 ,fj , then put u' = z and x = lc 2 j 
and use Claim Ol to obtain a blue edge 

9' = (V(fj) \ {/c 2 ,/,-,“'}) u {^} 

for some v G e^i \ {fc 3 ,e i - 1 ,lc 3 ,e i - 1 } and u G fj-i \ {fc 2 Jj-i,^}- Clearly 

9 fj-ifj -2 ■ ■ ■ fifn±l ■ ■ ■ fj+i 9 e i+i e i +2 ■ ■ ■ en^iei ... ej_i 

is a blue , a contradiction to our assumption. If z G fj \ {lc 2 ,f :i }■. then put 
u' = lc 2 ,fj -1 and x = lc 2 ,fj ~2 and use Claim 14.31 to obtain a blue edge 

5 " = {V(fj-l) \ {fc 2 ,fj -!.«'}) U {«,«} 

for some v G ej-i \ {/c 3 , ei _i and u G fj- 2 \ {fc 2 ,fj- 2 ,x}. Again 

9 "fj- 2 fj-s ■ ■ • / 1 / 2+1 • • • fjgdi+\ Cj +2 • • • enm ei ... ei-i 
is a blue copy of C%, a contradiction to our assumption. □ 


Claim 4.5 Let e* be an arbitrary edge ofC 3 . Ifn> 7, then for every vertices z G W 
and v G (e;_i \ {/c 3 , ei _i}) U (e i+ i \ {A 3 ,e i+ i}) the edge (e* \ {/c 3 , ei , A 3 ,eJ) U {2, v} is 
red. If n = 5, then for every vertices z G W and v G {/c 3 ,e i5 A 3 ,e;} the edge 

( e i\{/c 3 ,e j) fc 3 ,e i })U{«,t7} 

is red. 
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Proof of Claim [4751 We give only a proof for n >7. The proof for n = 5 is similar. 
Suppose indirectly that there are vertices z G W and v G (e 4 _i \ {/c 3 , ei _i}) U (e,_|_i \ 
{^C 3 ,e;-fi}) so that the edge 

9 = ( e i\ {fc 3 ,ei Jc 3 ,eJ) U {z, v} 

is blue. With no loss of generality assume that v G ej + i \ {^c 3 ,e i+ i}- Using Claim 
14.21 with fj = /i, there are vertices u G f n+i \ {fc 2 ,fn+i }> u> G f r 2 \ {fc 2 ,/ 2 } and 

u G /1 \ {/c 2 ,/i^C 2 ,/i} so that the edge 

9 ' = (/1 \ {/c 2 ,/i, Zca,/!, u}) U {% u>, z} 

is blue. Use Claim Ol to obtain a blue edge 

9" = (/n±l \ {fC 2 ,fn+ 1 >“}) u {*>!/} 

for some x G ej_i \ and y G ,/w \ {fc 2 J n -1 }• Clearly 

eie 2 • • • e.i-ig" f f ... f2g' 9 e i+i e i+2 •.. 

2 2 2 

is a blue copy of a contradiction to our assumption. This contradiction completes 
the proof of Claim 14.51 □ 

Now, set 


( (ei \ {vk}) U {zi} n = 4 1, 

hi = J 

[ (ei \ {«!,«*}) U{^ 1 ,u (fc _ 1)( r t ^i ) } n = 4 3, 
and for 2 < i < 


{ (ci\{W)U^iti} if * is odd, 

2 

( e * \ {/c 3 ,ej) u {Zi} if i is even, 

where {zi, Z 2 , ■ ■ •, } Q P('H) \ U(Ci U C 3 ). Using Claims 14.41 and 14.51 C 4 = 

4 

/t 1 h-2 ... h n-i is a red copy of C„~ 1 disjoint from Ci. The proof of the following claim 
2 ‘ ~ r~ 

is similar to the proof of Claim 14.31 So we omit it here. 

Claim 4.6 Let di and hj be two arbitrary edges of Ci and C 4 , respectively. For 
every vertex u' G di \ {fci,d L } (resp. u' G di \ {Ici.d,}), there are vertices v G 
hj \ {fc4,hj’ l C4,hj} a fffd 11 e di- 1 \ {/ci.df-i} (resp. u G d i+1 \ Oci^+J) so that the 
edgeV{d i )\{fc 1 ,d i ,u'})Li{v,u} ( resp. the edge (U(d, : ) \ {l Cl ,di, u'}) U {o, u}) is red. 

Now, using Claim FTTH there are vertices v € h\\ {/c 4 ,/u, ^C 4 ,hi} and u G dn± 1 \ 
{/Ci,d n+ i } so that the edge 

g = (V(d 1 )\ {fcud^kudi}) u {%v} 
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is red (by putting i = j = 1 and u' = ^Ci,di)- Now let z = Zci,di- If n / 5, then 
set y € (/i 3 \ {/c 4 ,/i 3 ^C 4 ,/i 3 }) n ( e 3 \ {/c 3 ,e 3 ^C 3 ,e 3 }) and if n = 5, then set y = /c 3 , ei . 
When z £ C 2l Claim m and when z G W, Claim [431 implies that the edge 

9' = {h 2 \ {fCito,kito}) U {z,y} 
is red. Now, clearly 

Qcl n -{-1 (I n — 1 . . . d 2 y L 3 L 4 . . . h n— 1 h~\ 

~T~ ~2~ ~T~ 

for n 7 ^ 5 and gd^d 2 g'hi for n = 5 is a red copy of C k , a contradiction. 


Case 2: n = 0 (mod 4) 


In this case, we show that there are two disjoint isochromatic Cn. Since 


R(Ci,Ci) = f(^)<f(n), 

there is a monochromatic Ci = Cn. By symmetry we may assume that Ci C Ru ue . 
Since |V(Ci)| = (k — l)(f) and 

71 71 

there is a monochromatic C 2 = C | in V{7L) \ V{C\). If C 2 is blue, we are done. So 

2 

suppose that C 2 is red. Among all red-blue copies of C|’s, choose red- blue copies 

2 

with maximum intersection, say and C' 2 . Similar to the proof of Claim [4~T1 we 
have 


\V{C\) U V(C' 2 )\ < R(C k n,C\) +1 = /(|) + 1 . 

Since 

f(n) - | V(C\) U V(C' 2 )\ > ffy = R(Cn,Cn), 

there is a monochromatic C«, say C, disjoint from C'\ and C' 2 . Clearly C with one 

2 

of C 1 and C 2 form our favorable cycles. 


With no loss of generality assume that Ci and C 2 are two blue C|. Let C\ = 
eie 2 ...ez, C 2 = / 1/2 • • • ,/L and W = V("H) \ V(Ci U C 2 ) where 

77 / 77 / 

e* = {fi,u 2 , • • • ,v k } + (k - l)(z - l)(mod (A; - 1)-), i = 1,2,...,— 

and 

77 / 77 / 

fi = {ui,u 2 ,... ,u k } + (k - l)(i - l)(mod (k - 1)-), * = 1,2,...,—. 

Since n > 8, we have |Wj > 3. Use Lemma f3.8l for a = ei, /j = /1 and B = 
{wi,w 2 ,ws} C W to obtain two red paths £j and F\ with desired properties in 
Lemma f3.81 As mentioned in Lemma f3.81 there are distinct vertices v € ei\(U {E\ ) U 
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V {Fi)), v £ ei\(^(£7i)U{vi,i7 fc ,T7}), u£ fi\ (V(Ei) UP(Fj)) and u € fi\(V(Fi) U 
{iti, itfc, w})- If v ui, then set g* = e* for 1 < i < ^. If u = wi then set gi = e\ 
and gi = es_j _|_2 for 2 < * < ~. If u ^ u\, then set hi = fi for 1 < i < 2. if 
u = u\ then set hi = f\ and hi = /a_ i+2 for 2 < i < ^. Clearly Ci = 5152 ■ • • 
and C 2 = h\h 2 ■ ■ ■ h™. Assume that 

Tt Tl 

!Jt = {xi,x 2 ,... ,x k } + (k - 1 )(i - l)(mod (k - 1)-), i = 1,2,...,-, 

Tl Tl 

hi = {yi,V 2 , ...,yk} + {k- l)(i - 1) (mod (k - 1)-), i = 1,2,...,-. 

Now, use Lemma [3791 for a = g 2 , fj = h 2 and £\ = E\ (resp. £\ = F\ ) to obtain two 
red paths £ 2 and F 2 (resp. £ 2 and J - 2 ) of length 4 with desired properties of Lemma 
13.91 Apply Lemma 13.101 for Fi (resp. for £[ and Fi), = gi + 1 and fj = hi + 1 
where 2 < l < % — 2 to obtain two red paths £i + \ and Fi+\ (resp. £i + \ and F 1 + 1 ) 
with properties of Lemma 13.101 Let 


£f-l = PlP2- ■ - Pn-2,^-1 =PiP2P > :i ■ ■■p'n-2-,£^-l = PlP2 ■ ■ ■ Pn-2 


and = pipe's . ..p ' n _ 2 . Also, let x £ g^_ x \ (£n_i U {/c^.J), y € b_i \ 

(^-lU{/c2,/i»_J)i X £ 5 , |-l\(^f-lU{/c 1>s „_ 1 }), y € /l^_i\(J r ™_iU{/c 2) / 1 .„_ 1 }), 

2/" e (^f-l\{/c 2 ./i 5 _ 1 })n(Pn-2\Pn-3) and x" £ (5|-l\{/c ll5 n_ 1 })n(p , n _2\P / n-3)- 
Consider an edge g = E U L in so that 


E ~ x (fc-l)(f-l)+2, • • • , x (fc-l)(£-l)+|_|j }, 

F = {v(k- i)f-r|i+ 2 > • • • >y(fc-i)s,2/ / }, 


where y' £ (hi \ { y k }) C (pi \p 2 ). 


Claim 4.7 The edge q is red. 

Proof of Claim 14.71 Suppose indirectly that the edge q\ = q is blue. Since there 
is no blue copy of C%, using Remark 13.51 every edge in that is disjoint from q\ 
is red. For 2 < l < |Jj, let q t = (q t _i \ {x (fe _i) { |_ 1)+ ,}) U Assume 

that l' is the maximum l £ [1, |_§J] for which qi is blue. If 1 / < |_§J, then qi/+\ is red. 
Set 

Ql'+l = ((fff U \ ( qi' U {fCl,gn,lCl,gn,fC 2 ,hn,lC 2 ,hn})) U {v, y" }. 

Clearly, q(, +1 is an edge in disjoint from qy. Since there is no blue copy of C%, 
the edge q(, + , is red. Therefore, £r±_iq'y +l qy + \ is a red copy of C%, a contradiction. 
Therefore, we may assume that V = and hence the edge q, k, = E' U F is blue, 
where 

E = {X, . . . , X (fc-l)§-l> X (fc-l)f }■ 

Now, set m = |_§J — 1- For 1 < l < m, let 

<?L| J+Z = (^ L fc J+z _i \ {?/(fc-i)5-i+i}) u {y( k - i)(f-i)+m}- 
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Now, let V be the maximum l € [0, m\ for which q\k\ + i is blue. If l' < m, then 
qyk^ +v+l is red. Set 

^(fj 7J hi /is) \ U {fci,gn j / Cl,gn 5 fc2,hn 5 lc2,hn })^ hj {u, l) }. 

Since there is no blue copy of C^, the edge q'yk^ +l , +1 is red. So 
£ i- iq [^\+i'+i q l 1 l\+i , +i 

is a red copy of C%, a contradiction. So we may assume that l’ = m and hence the 
edge qykj +m = E' U F' is blue, where 

f {?/(A:—1)(^—1)+2? ■ ■ •! 2/(fc—i)+m+i > y 1 } if k is even, 

F '=\ 

{ {lJ(k- l)(f-l)+ 2 > 2/(fc-l)(§-l)+m+l> y(k-i){%-i)+m+ 2 i v'} lf k is odd. 


Let 

^fj+m+l = (9 L ‘j+ m \ M) U M- 

If is red, then set 

((5^ hJ /iH.) \ U {fci,gn 1 / Cl,gn 1 fc2,hn , lc2,hn })^ U {"U, l) }. 

Since there is no blue copy of C*, the edge q'y k j +m+1 i s re d an d 

- l 9 L|J+™+ 1 ? L|J + m + 1 

is a red copy of C%, a contradiction. So we may assume that the edge q, fci +TO+1 is 
blue. 


Now, let 


^L|j+m+2 = (^IjJ+m+1 \ WM) U {*/>*'} 

where x' € (yi \ {x k }) fl (pi \p 2 ). 

If 9[ij +m+ 2 i s re d, then set 


9|*J+m+2 ) \ (^lll+m+l ^ {fci,gn 1 lci,gn , fc 2 ,hn : ^C 2 ,hn })) U {y, X }. 


Since there is no blue copy of C the edge q\ k 


LfJ+m+2 


is red and 


' F ^~ iq [^i+m+ 2 q l^i+m +2 

is a red copy of C%, a contradiction. So we may assume that the edge q, k, +m+2 is 
blue. 
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If k is even, then clearly q, fcj +m+2 is an edge in disjoint from q\. This is 
impossible, by Remark 13.51 Now we may assume that k is odd. One can easily 
see that ®( fc _ 1 )(«_ 1 ) + fc±i u J+m +2 and 2 /(fc-i)(|-i)+^±l ^ n 9L|j +m+2 - 

Similarly, we can show that the edge 

^L|j+m+3 = ^L|J+™+2 \ ^(fc-i)(|-i)+^±i}) U { x (fc-i)(§-i)+^t±} 

is blue. That is a contradiction to Remark 13.51 This contradiction completes the 
proof of Claim 14.71 □ 


Now, consider an edge q' = E' U F' in so that 

E = { x (fc-i)(f-i)+L|j’ x (fc-i)(|-i)+L|j+2’ x (fc-i)(f-i)+L|j+3’ ■ ■ • > x (fc- 

^ = {y",y(fc-i)(|_i) +2l ■ ■ ■ >%._ i)(f-i)+L|j>- 

By an argument similar to the proof of Claim IT71 we can show that q' is red. Clearly 
Sii-iq'q is a red copy of 0 %, a contradiction to our assumption. 


Case 3: n = 2 (mod 4) 

By an argument similar to the proof of Claim |4~T1 we have the following claim. 
Claim 4.8 There are two monochromatic copies of C|n of colors red and blue. 

Among all red-blue copies of C| ,. ’s choose red-blue copies with maximum in- 

2 

tersection. Let C\ = did 2 ■ ■ ■ d ^ + 1 C TL re d and C 2 C Tiuue be such copies. It is easy 
to see that \V(C\ UC 2 )| < R(C| + 1 ,C| +1 ) + 1. Since 

71 

\V(7~L) \ V{C\ UC 2 )| > /(— - 1), 

using induction hypothesis, there is a monochromatic Cn _ 1 in V{fH) \ V(C\ U C 2 ), 
say C 3 . By symmetry we may assume that C 3 C "Rbiue- Let C 2 = /i / 2 • • • /|+i, 


C 3 = eie 2 ... 

eii_ 1 and W = V(IF) \ V (C 2 U C 3 ) where 



fi = {U1,U2 

,... ,u k } + (k - 1 )(i - l)(nrod ( k - 1)(^ + 1)) 

, * = 1,2,. 

n 

2 + 1 

and 




F = {vi,v 2 - 

,...,v k } + (k- 1)(* - l)(mod ( k - 1)(^ - 1)), 

i = 1,2,.. 

.,- - 1 . 
2 

We have the following Claims. 



Claim 4.9 

Let ei and fj be two arbitrary edges of C 3 and C 2 , 

respectively and y G e, 


For every vertices x G fj\{fc 2 ,fj} an d x ' G fj+^\{tc 2 J j+2 }, there are distinct vertices 
v,v' G Ci \ {fc 3 ,ei,lc 3 ,ei,y }- u G fj- 1 \ {/e 2 ,/.,_i} and v! G f j+3 \ {k 2 ,f j+ 3 } so that at 
least one of the edges g = (V(fj) \ {fc 2 ,fj> x }) U or 

9 = (V(f j+2 ) \ W,lc 2 J j+2 }) U {v',u} 
is blue. 
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Proof of Claim [4791 Suppose to the contrary that there are vertices x £ fj\{fc 2 jj} 
and x' £ fj+ 2 \{lc 2 J j+2 } so that for ever y distinct vertices v, v' £ ei\{fc 3 , ei ,lc 3 ,ei, y}, 
u £ i \ {/c 2 ,/j_]} and u' £ f j+3 \ {lc 2 ,f j+3 } the edges 

9 = (V (. fj ) \ {/c 2 jpz}) U {w, u} 

and 


5 = (V(/j+ 2 ) \ {zVe 2 ,/, +2 }) U jV,u'} 

are red. By symmetry we may assume that e* = es_i and fj = fn_ 1 . 

Use Lemma [3761 for e = e\ (resp. e = f\) to obtain a red path E\ = <71 (resp. 
J~\ = with the mentioned properties of Lemma 13.61 (by putting i = j = 1, 

7/ = ui, u" = Vk, u' = «i, u" = Uk, C = {ufc_i} and B = {rci,^} C W). Use 
Lemma 13.101 § — 3 times, to obtain two red paths £«_ 2 and of length n — 4 

with the properties of Lemma 13.101 

With no loss of generality assume that y' £ ea _2 \ (f "_2 U {/c 3 , Cn _ 2 , rit-i}). Use 

2 2 "2T 

Lemma [3]7] for i = ^ — 1, j = v' = y', v" = ry._i, 7 / = x, u" = x' to obtain a red 
path P = y2.-i54_i with the properties of Lemma [3TT1 

Let £™—2 h\h >2 ■ ■ ■ h n — 4 > P h n — 3 h n — 2 i V ^ (®4 —1 \ {/C 3 ,en_i j ^ 1 ! y}) n (hn —3 \ 
2 2 " 2 " 

K- 2), v' £ (e|_i\{/c 3 , e „_ 1 ,ui,y})n(/i n _ 2 \/i ri _3), u £ (/|_ 2 \{/c 2 ,/n_ 2 })n(h n _ 4 \ 

5 ) and w' £ (/1 \ {^c 2 ,/i}) LI (Li \ /i 2 ). Clearly, £™_ 2 yPy / is a red copy of C^'. This 
contradiction completes the proof of Claim 14.91 □ 

Claim 4.10 Let e, and fj be two arbitrary edges of C3 and C2, respectively. Also, 
let A = (e i+ i\{/c 3 ,e i+ 1 })U(ei_i\{/c 3 , ei _ 1 }). For every vertices z £ fj\{fc 2 ,L ,fc 2 ,/,} 
and v e A the edge (e* \ {/c^e^Cs^}) U {z,v} is red. 

Proof of Claim 14.101 By symmetry it only suffices to show that for every vertices 
z S fj\ {.fc 2 j :r ,lc 2 ,f,} and v £ e i+1 \ {/c 3 ,e i+ i}, the edge 

(eiU/Ca^Ca.eJjU {z,v} 

is red. With no loss of generality we may assume that e* = e\ and fj = fn . Suppose 
for the sake of contradiction that there are vertices z £ /s \ {fc 2 ,fn,lc 2 Jn} and 
v £ e 2 \ {lc 3 ,e 2 } so that the edge 

h = (ei \ {ui,u fc }) U {z,v} 

is blue. Since there is no blue copy of C%, then for every distinct vertices v,v' £ 
ef-i \ {fc 3 ,en_ v lc 3 ,e^_ v v}, u £ /«_ 2 \ {fc 2 jn_ 2 } and u' £ /, \ {/c 2 ,/i} the edges 

g = (/»_ 1 \ {/c 2 ,/ f _ 1 ^c 2 ,/n_ 1 }) U {v,u} 

and 

9 (/§+1 \ {/c2,/™ + i j ^c 2 jn +1 }) U {u , n } 

are red. That is a contradiction to Claim 177)1 □ 
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Claim 4.11 Let e* and fj be two arbitrary edges of C 3 and C 2 , respectively and 
u G {fc 2 ,fpk 2 Jj}- For n > 10 and v £ e i+ i \ {Zc 3 ,e i+ i} (also for n = 6 and 
V = lc 3 , ei ), if the edge 

(e*\{/c 3 ,e i ,fc 3 ,ej) U{n,n} 

is blue, then for every vertices v £ ej+i \ {Zc 3 ,e i+ i} and u £ {fc 2 jj,k 2 jj} \ {^} the 
ed#e (e* \ {/c 3 , ei ^C 3 ,eJ) U {n,n} is red. For n > 10 and v £ e t -1 \ {/c 3 , ei _i} (a^o 
for n = 6 and U = fc 3 ,ef)> if the edge 

( e i \ {fc 3 ,ei,lc 3 ,ei}) U {u,v} 

is blue, then for every vertices v £ e*- 1 \ {fc 3 , ei - 1 } and u £ {fc 2 jj, k 2 ) fj} \ {«} the 
edge (e t \ { fc 3 ,e,,:k 3 ,e,}) U {u,v} is red. 

Proof of Claim 14.111 We give only a proof for n > 10. The proof for n = 6 is 
similar. By symmetry we may assume that v £ ej + i \ {k 3 ,e i+1 } and n = fc 2 ,f :i ■ With 
no loss of generality we may assume that = e± and fj = /». Assume for the sake 
of contradiction that there is a vertex v £ e 2 \ {lc 3 ,e 2 } so that the edge 

(ei \ {ui,u fe }) U {lc 2 ,fn,v} 

is blue. Since there is no blue copy of C%, then for every distinct vertices v,v' £ 
en-1 \ {/Ca.en.! Jca.en.j}, u £ fn _ 2 \ {fc 2 ,f n _ 2 } and u' £ fi\ {k 2 ,h} the edges 

9 = (/f-l \ u {v,u} 

and 

9 ' = (/f+i \ {fc 2 ,fn +v lc 2 ,fn +1 }) U {v',u'} 
are red, a contradiction to Claim [TUI □ 

Claim 4.12 Let e* be an arbitrary edge of C 3 , z £ W and v £ (e * + 1 \ {lc 3 ,e i+1 }) U 
(e*-i \ {fc 3 ,ei- J)- If the edge 

h = (ei \ {fc 3 , ei Jc 3 ,ei }) u { z,v } 

is blue, then for every edge fj £ C 2 and every distinct vertices x £ fj- 1 \ {/c 2 ,/ ) _i 
x' £ f j+ 1 \ {^c 2 ,/j+i} and u£ fj\ {fc 2 J P k 2 J :i } the edge 

h ' = (fj \ ifc 2 ,fj , lc 2 ,fj , u}) U {x, x', z} 

is red. 

Proof of Claim 14.121 By symmetry we may assume that v £ e^+i \ {lc 3 ,e i+1 }- 
Suppose to the contrary that there is an edge fj and there are distinct vertices 
x £ fj—i \ {fc 2 ,fj-i} ! x' £ fj+i\{k 2 ,f j+1 } and u £ fj\{fc 2 j P k 2 jj} so that the edge 

h' = (fj \ {fc 2 ,fj, k 2 ,fj , u}) U {x, x', zj 

is blue. Since there is no blue copy of C^ % , then for every distinct vertices v,v' £ 
ei -1 \ {fc 3 , ei - i,T}, u £ fj -2 \ {fc 2 ,fj - 2 } and u' £ f j+2 \ {k 2 ,f j+2 } the edges {fj -1 \ 
{fc 2 jj-! ) x}) u {v,u} and (fj+i \ {x', k 2 j j+1 }) U {v',u'} are red, a contradiction to 
Claim ITU1 So we are done. □ 
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Claim 4.13 Let n = 6 , W = {zi,Z 2 } and e* be an arbitrary edge of C 3 and v E 
{/C 3 ,ei,fc 3 ,ej- U the edge 

(ei\{/c 3 ,e i ^C 3 ,eJ)U{ 2 i ) 't;} 

is blue, then for every vertex v E (ej+i \ {/c 3 ,e i+ D fc 3 ,e i+ i}) U {u} t/ie edge 
{ei\{fc 3 ,eiJc 3 ,ei}) U{Z 2 ,V} 

is red. 

Proof of Claim 14.131 By symmetry we may assume that = e\ and v = v k - 
Suppose for the sake of contradiction that there is a vertex v E e 2 \ {ui} so that the 
edges (ei\{ui})U{zi} and (ei\{ri,u fc })U{z 2 ,u} are blue. Let u E h\{fc 2 ,f 4 Jc 2 ,u} 
and u E / 2 \ {fc 2 j 2 Jc 2 ,f 2 }- Use Lemma [3761 for e = ei to obtain a red path V = g\g\ 
with the mentioned properties of Lemma lihBl (by putting i = j = 1, v' = v\, v" = v k , 
v! = u, u" = u, C = {ufc_i} and B = W = {zi,z 2 }). By Lemma [3761 there is a 
vertex w E ei \ {ri,Ufc_i} so that w £ V. Now, use Lemma [3771 for e, = e 2 , fj = / 3 , 
v' = w, v" = Vk_ 1 , v! = fc 2 ,f 3 and u " = h 2 ,f 3 to obtain a red path V = g 2 g 2 
with the mentioned properties of Lemma [3.71 Let x E (/ 3 \ {lc 2 ,f 3 }) LI (g 2 \ g 2 ), 
x' E (/ 3 \ {fc 2 ,f 3 }) n (g 2 \ c/ 2 ) and y E (/1 \ {ui,u k }) n ( g[ \ 51 ). As mentioned in 
Lemma 13.61 we may assume that zi E g\ . Now, let 

h = {f 4 \ {u, fc 2 ,u }) U {zi, x'}. 

Set h' = (/ 2 \{tZ, lc 2 , h })U{ z 2 ,x} if z 2 E g[ and h' = (/ 2 \{u, fc 2 j 2 , k 2 ,f 2 })U{y, z 2 , x}, 
otherwise. By Claim 14.121 the edges h and h! are red. So Vh'V'h is a red copy of 
Cg, a contradiction. □ 

Claim 4.14 Let e* be an arbitrary edge ofC% and n > 10. For every vertices z E W 
and v E (e m \ {/c 3 ,e i+ i}) U (e*_ 1 \ {/e 3 , ei _i}) edge 

( e i\{/c 3 ,e i ,fc 3 ) e i }) 

is red. 

Proof of Claim 14.141 Suppose indirectly that there are vertices z € W and 
v E (e;+i \ {lc 3 ,e i+1 }) u (e;_i \ {fc 3 ,ei-i}) so that the edge 

9 = (e i \{fc 3 ,e i ,lc 3 ,e i })hi{z,v} 

is blue. We may assume that i = 1 and iEe 2 \ {lc 3 ,e 2 }- In the rest of the proof, we 
consider W \ {z} instead of W when we use Lemmas 13.8113.91 and [3.101 

Since n > 10, we have \W\ > 3. Use Lemma [3.81 for e* = e\, fj = f\ and 
B = {wi,W 2 ,u> 3 } C W to obtain a red path E\ = gig[ with the mentioned properties 
of Lemma 13.81 Let B' = B n E\. As mentioned in Lemma 13.81 there are distinct 
vertices v E ei \ E\, u E /1 \ E\ and v' E ei \ {E\ U {ui, v k , u})- Set v = v', if v = v\ 
and v = v, otherwise. Clearly v E ei \ ( E\ U {ri}). If u 7 ^ u\, then set g* = fi for 
1 < i < f + 1- If u = ui, then set gi = f\ and gt = f%~t +3 for 2 < t < § + 1 . 
Clearly C 2 = gig 2 ... g™ +1 . With no loss of generality assume that 

gi = {wi,w 2 , ■ • • ,w k } + (k - l)(i - 1)(^mod (k - 1)(- + 1)J, i = 1,2,...,- + 1. 
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Use Lemma [3791 for e* = and fj = g 2 and £\ = E\ to obtain two red paths £2 and 
J -2 of length 4 with the mentioned properties of Lemma 13.91 Now, use Lemma 13.101 
^ — 4 times (for = ei and fj = gi where 3 < l < ^ — 2), to obtain two red paths 
£n_ 2 and T~^_ 2 of length n — 4 with the mentioned properties of Lemma [3.101 Now, 
use Lemma f3 .11 1 for v G {v, v'} \ {h} and u = lc 2 ,gn_ 1 to obtain a red path £it_i 
of length n — 2. With no loss of generality assume that £^_ 1 = hili 2 . . . h n _ 2 . Let 
a? G (91 \ {k 2 ,gi}) n (hi \ h 2 ) and y G (g%-i \ {/Ca^.J) C (h n _ 2 \ h n _ 3 ). By Claim 
14.121 the edges 

9 = (g%\ {fc 2 ,gn,lc 2 ,gn,W(k-l)%}){y,Z,W( k _ 1 )(n +1 )}, 

9 = (5 §+1 \ W-i)(f+i)> fc 2 , 9 » +1 }) U {a;, 2 } 

are red. So £^±_\gg' is a red copy of C^, a contradiction to our assumption. □ 


Claim 4.15 Let and fj be two arbitrary edges of C 3 andC 2 , respectively. Choose 
x ^ {fc 2 ,fj-iJc 2 ,fj}- For n = 6 , assume that 

(v,v) G ({lc 3 ,ei} x ( e i +1 \ {^C3,ei+i })) U ({/C3,ej X (ej_i \ {/ C3 , ei _i})). 

Forn > 6, ief r,i) G e i+1 \ {lc 3 ,e i+1 } orv,v G e i -i\{fc 3 , ei _ 1 })- Then, at least one of 
the edges (eAl/Ca,^, )U{x,u} or ((ejUj/^j^,, fc 3 , ei , z}) U{D} 

is red. 

Proof of Claim 14.151 By symmetry we may assume that e,; = e\, fj = /s+i 
and x = lc 2 ,fn +1 ■ Suppose indirectly that there are vertices v,v with the men¬ 
tioned properties so that the edges (ei \ {/c 3 ,ei^c 3 ,ei}) U {lc 2 jn + 1 ,v} and (ei \ 
{fc 3 ,e 1 , lc 3 ,e 1 })U{h, fc 2 ,fn } are blue. With no loss of generality assume that v = lc 3 , ei 
and v £ e 2 \ { lc 3 ,e 2 } for n = 6 and v,v £ e 2 \ {lc 3 ,e 2 }, otherwise. Use Lemma HTTBl for 
e = ei (resp. e = f\) to obtain a red path £\ = g\g\ (resp. T\ = gig'i) with the 
mentioned properties of Lemma [3761 (by putting i = j = 1, v' = v\, v" = Vk, v! = u\, 
u" = Uk , C = {ufe_i} and B = {w\,w 2 } C W). Use Lemma 13.101 § — 3 times, to 
obtain two red paths £r _2 and J-n _ 2 of length n — 4 with the properties of Lemma 

m 

Set y G es_ 2 \ (£%- 2 U {/c 3 ,e„_ 2 , Ut-i})- Use Lemma O for i = § - 1, j = §, 

2 2 "S’ 

a' = y , r" = u fc _i, u' = fc 2 jn , u" = u ^^ k _ 1)+2 to obtain a red path V = 
with the properties of Lemma 13.71 

Let £N 2 = h\h 2 ... h n _ 4 , V = h n - 3 h„_ 2 , x' G (e» j \ {fc 3 ,en_,Jc 3 ,en_,,v}) n 
(hn -2 \ hn_ 3 ), x" G (ea_i \ {fc 3 ,en 1 lc 3 ,en , > h}) C (h n _ 3 \ h n _ 2 ) and y' G (/§_ 2 \ 
{/e 2 ,/n _ 2 }) LI (h n _ 4 \ h n - 5 ). By Lemma ETUI we may assume that G (hi \ h 2 ) n W. 
Since there is no blue copy of C%, the edges 

h = (fn + 1 \ {/ C2i/ „ +i ,n- (fe _i )+2 }) U {x / ,w;i} 

and 


h' = (/f-1 \ {fe 2 ,fn_ 1 Jc 2 ,fn_ 1 }) U {x",y'} 
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are red. Therefore, £™_ 2 h'Th is a red copy of C!f. This contradiction completes the 
proof of Claim 14.151 □ 


Claim 4.16 Let n = 6, W = { 21 , 22 } and e 4 and fj be two arbitrary edges of C 3 
and C 2 , respectively. Let A = {a,b} with fc 2 Jj £ A and \ A n W\ = 1. Assume that 

(v,v) € ({fc 3 ,ej x (ei+i \ {^C 3 , e i+l })) U ({W X (ej_ 1 \ {fc 3 ,ei- !»)■ 

Tt least one of the edges (e; \ {/c 3 , ei , Zc 3 ,eJ) U {a,u} or (e* \ {/c 3 , ei , fc 3 ,ej) U {b,v} 
is red. 

Proof of Claim 14.161 By symmetry we may assume that e* = ei, fj = fi, 
a = fc 2 j 4 , b = z\. Suppose indirectly that there are vertices v and v with the desired 
properties so that the edges (ei\{fc 3 , ei , fc 3 ,ei})U{a,u} and (ei\{fc 3 , ei ,lc 3 ,ei})V{v, b} 
are blue. With no loss of generality we may assume that v = Iq 3 ei = v k and 
v G e 2 \ {lc 3 ,e 2 }- Use Lemma [3761 for e = ei to obtain a red path £\ = g\g[ with 
the mentioned properties of Lemma [3761 (by putting i = j = 1, v' = v\, v" = v k , 
v! = ui, u" = Uk + \, C = {ufc_i} and B = W = { 21 , 22 }). By symmetry we may 
assume that either 21 G g\ or 21 £\. As mentioned in Lemma 13.61 there is a vertex 

y <E e 1 \ (£1 U {wi,v fc _i}). 

Use Lemma 13.71 for i = 2, j = 3, v' = y, = 'Wfc-i, = fc 2 J 3 , 'U ,/ = lc 2 J 3 to 
obtain a red path P = 52^2 with the properties of Lemma [3171 

Let x G (e 2 \ {v k ,vi,v}) n (g 2 \ g 2 ), y G (/1 \ {«i,«fc}) n (yi \ y'i), y' G (/1 \ 
{ui, u fc }) n (y', \ yi) and y" G (/3 \ {fc 2 j 3 Jc 2 j 3 }) n (y 2 \ 52)- Since there is no blue 
copy of C*, the edge h = (,/ 4 \ {/c 2 ,/ 4 , fc 2 ,/ 4 }) u {^h?/} is red. If 21 G yi, then set 

h' = (/ 2 \ {^fc+1,^2,/2}) u {^iU/"}- 
Otherwise, set 

h' = (h \ {fc 2 ,f 2 Jc 2 ,f 2 ,Uk+ 1 }) U { 2 i,y,y"}. 

By Claim fTT2l the edge h' is red. So, h£\ h'V is a red copy of Cg. This contradiction 
completes the proof of Claim 14.161 □ 


Claim 4.17 Let n > 10. There is a red copy of C\_., say C 4 = h\h 2 ■ ■ ■ /i«_i, 
disjoint from C\ so that for each 1 < i < § — 1, k — 2 < |/ij Cl e 4 | < k — 1. Moreover, 
|L«_i n ea_i| = /c —1 and 

h %-1 \ {/e 4 ,/in J = e ^-l \ {/c 3 ,en J- 

2 T 2 T 

Proof of Claim 14.171 Let n = 4/ + 2 and W' = V{TL) \ V{C\ U C 2 U C 3 ). Since 
\V(C\ U C 2 )| < (k — 1)(§ + 1) + l + 1, clearly \W'\ >1 — 1. First let \W'\ > l. For 
1 < * < § — 1, set 

i (ei\fe,eJ)U{2 1±i } if * is odd, 

2 

( e * \{/c 3 ,eJ) U { 2 i} if * is even, 
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where {zi, Z 2 , ■ ■ ■, zi} C W'. By Claim 14.141 C 4 = h\h 2 ■ ■ ■ hn_i is a red copy of 
C|_ 1 . Now, let W l = {z\, Z 2 -, ■ ■ ■, Zi-i}. This is the case only when \V(C\ UC 2 )| = 
(k — 1 )(§ + 1) + l + 1. Clearly, 1 4 T(C 2 ) \ V(C\)\ =1 + 1. If there is a vertex 
x £ fj \ ({fc 2 ,fjJc 2 ,fj} U V(Ci)), for some edge fj of C 2 , then the same argument 
yields a red C 4 = / 11/12 .../ia_i (consider W’ U {x} instead of W' in the above 
argument and use Claims 14.101 and 14.141) . Therefore, we may assume that each 
vertex of V{C. 2 ) \ V(C\) is a first vertex of fj for some edge fj of C 2 . 

If there is an edge fj of C 2 so that {fc 2 Jj , h 2 ,fj} — \ V(Ci), then do the 

following process. Using Claim R~TT1 there is a vertex z £ {fc 2 ,fJc 2 ,f} so that the 
edge hi = (ei \ { 24 .}) U {z} is red. If the edge (e 2 \ {lc 3 ,e 2 }) U {z} is red, then set 
h -2 = (e 2 \{/c3,e 2 })U{z}. Otherwise, set h 2 = (e 2 \ {fc 3 ,e 2 Jc 3 ,e 2 }) U {vk-i, z'}, where 
z' € {fc 2 Jpk 2 ,fj} \ {*}■ By Claim 14.Ill h 2 is red. For 3 < i < § - 1, set 

{ (e* \ {fc 3 ,eiJc 3 ,ei}) u {v[i-i)(k-i),Zi^} if i is odd, 

2 

( e * \ {/c 3 ,ei}) U{Z|_J if i is even. 

By Claim 14.141 hfs, 3 < i < ^ — 1, are red and clearly C 4 = hi /12 ... hn_i is a red 

copy of C|i. If each the above cases does not occur, then there is an edge fj so 

2 

that {fc 2 ,f _i^c 2 ,/ } ^ U(C 2 ) \ V{C\). Similar to the above cases, by Claim !4~T5l 
there is a vertex z £ {fc 2 J _u lc 2 J } so that the edge h\ = (ei \ {u/j}) U {z} is red. 
If the edge (e 2 \ {lc 3 ,e 2 }) U {z} is red, then set /12 = (e 2 \ {lc 3 ,e 2 }) U {z}- Otherwise, 
set h 2 = (e 2 \ {fc 3 ,e 2 ,lc 3 ,e 2 }) U{^fc-i, z^, where zJ £ B y Claim 

14.151 /i 2 is red. For 3 < i < | — 1, set 

{ (e; \ {fc 3 ,eiJc 3 , ei }) U , Zi^i } if i is odd, 

2 

(ei \ {/c 3 ,ej) U {z^_ 1 } if i is even. 

By Claim 14.141 hf s, 3 < i < ^ — 1, are red and clearly C 4 = hi /12 • • • is a red 

copy of C n,. Clearly, in each the above cases, C 4 = h\h 2 ■ ■ ■ /i ™_ 1 is a red copy of 

2 1 2 

1 disjoint form Ci with desired properties. □ 

2 1 


Claim 4.18 Let n = 6 . There is a red copy o/C|, say C 4 = hih. 2 , disjoint from Ci 
so that for 1 < i < 2, k — 2 < hj D e t \ < k — 1. Moreover, 

hi = (ei \ {ui, v k }) U (u, w>} 

for some v £ e 2 \ {fc 3) e 2 } & n d w £ V{1T) \ V{C\ UC 3 ). 

Proof of Claim (4081 Let W’ = V(U) \ V{Ci U C 2 U C 3 ). Since 
4 (k - 1) < |U(Ci U C 2 )\ < 4 (k - 1) + 2, 

clearly 0 < \W'\ < 2. First let \W'\ = 2 and W' = {zi,Z 2 }. If there is a vertex 
z £ W' , say zi, so that the edge (ei \ {vk}) U {zi} is blue, then using Claim l4~T3l 
the edge 

h = (ei \ {ui,u fc })U {v 2 k- 2 ,Z 2 } 
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is red. If the edge (e2\{ffc})U{^2} is red, then set h.2 = (e2\{xfc})U{,22}. Otherwise, 
set h‘2 = (e2 \ {fi, Vk}) U {v2, z\ }. Using Claim B~T 3 l the edge ha is red. By choosing 
hi = h, C 4 = h] li2 is the desired cycle. Therefore, we may assume that for each 
z G W' = {zi, Z2}, the edge (ei \ {u^}) U { z} is red. Now, using Claim Oil there is 
a vertex z' G W' so that the edge (e.2 \ {u^}) U {z 1 } is red. With no loss of generality 
assume that z' = z\. By choosing h\ = (e\ \ {u^}) U {zi} and \i2 = {e.2 \ {^fc}) U {^i}, 
C 4 = h\h2 is the favorable Co- 

Now, assume that \W'\ = 1 and W' = {z}. Clearly \V{C 2 ) \ V(Ci)| = 1. Let 
x G V{C 2 )\V{Ci). Ifx G for some edge fj of C2 , then using Claim 

14.101 the edges h\ = (ei\{ufc})U{x} and /12 = (e 2 \{Uc})U{x} are red and C 4 = h 1 h .2 
is the desired cycle. Therefore, we may assume that x is a first vertex of fj for some 
edge fj of C 2 ■ If there is a vertex x G {x,z} so that the edge (e\ \ {ufc}) U {x} is 
blue, then using Claim ITTTil the edge 

ti = (ei \ {ui,u fc }) U {v 2 k-2,y} 

is red where y G {x, z} \ {x}. If the edge (e2 \ {vk}) U { y} is red, then set 
I12 = (e2\{ufc})U{y}. Otherwise, set h2 = (e2\{ui,Ufc})U{x2,x}. Using Claim 14.161 
the edge /12 is red. By choosing h\ = h' , C4 = hih-2 is the desired cycle. Therefore, 
we may assume that for each x G {x, z}, the edge (ei \ {ufc}) U {x} is red. Now, using 
Claim I 4 T 61 there is a vertex y G {x, z} so that the edge (e2 \ {uj-}) U {y} is red. By 
choosing h\ = (ei\{u/c})U{y} and /i2 = (e2\{ufe})U{y}, C4 = h\h2 is the desired Cf- 

So we may assume that \W'\ = 0. This is the case only when \V{C\ U C 2 )| = 
(k — 1)(^ + 1) + 2. Clearly, \V(C 2 ) \ V"(Ci)| = 2. Similar to the discussion in the 
above paragraph, we may assume that each vertex of V(C 2 ) \ U(Ci) is a first vertex 
of fj for some edge fj of C2. So we have two following cases. 

(i) There is an edge fj of C 2 so that V(C 2 ) \ V(Ci) = {fc 2 ,f j i l C 2 ,f j }i 

(ii) There is an edge fj so that V(C 2 ) \ V(Ci) = {fc 2 J j -iJc 2 ,f j }- 

Note that, in each cases, we can find the favorable red C4, by an argument that used 
for case |IU'| = 1 (use Claim HTTl for case (i) and Claim 117151 for case (ii)). So we 
are done. □ 


The proof of the following claim is similar to the proof of Claim 14.91 So we omit 
it here. 

Claim 4.19 Let hi and dj be two arbitrary edges of C 4 and C\, respectively and 
y G hi- For every vertices x G dj \ {/cj} and x' G dj + 2 \ {/ci,dj +2 }> there 
are distinct vertices v,v' G hi \ {fu,hiMi,hi,y}, u G dj-i \ {/ci,d,_i} and u' G 
dj +3 \ {lc i,d i+3 } so that at least one of the edges g = ( V(dj) \ {/c 1 )( i 3 -, x}) U {v,u} or 
9' = {V(dj+ 2 ) \ {x\ lci,d, J+2 }) U W , u'} is red. 


In the rest of this section, we show that there is a red copy of C^. First let 
n = 6. By Claim 14.181 there is a red cycle C 4 = / 11/12 disjoint from C\ where 
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hi = (ei\{ui,'Ufc})U{i;,tt;} for some v G e 2 \{fc 3 ,e 2 } and w G U(%)\(U(Ci)UU(C 3 )). 
Since 

4 (k - 1) < |F(Ci U C 2 )\ < 4(fc - 1) + 2, 

there is a vertex z G (d; \ {/c lid( , fci.d,}) n (f t > \ {/&,/,,, k 2 ,f lt }) for some 1 < 1,1' < 4. 
Using Claim [¥.101 the edge 

g = (hi \ {u,u;}) U {z,v i} = (ei \ {u fc }) U {z} 

is red. With no loss of generality assume that di = di. Now, using Claim 14.191 for 
hi = h 2 , y = vi, dj = d/i, x = lc x ,d A and x' = fc x ,d 2 ■> there are distinct vertices 
v,v' G h 2 \ {fc 4 t h 2 ,lc 4 ,h 2 ,y}, u G d 3 \ {/ci,d 3 } and v! G d 3 \ {Zci,d 3 } so that at least 
one of the edges g' = (d 4 \ {x, fc 1 : d 4 }) u i u ^} or g" = (d 2 \ {x', lc u d 2 }) U {u' , v'} is 
red. If g' is red, then g'd^d 2 d\gh 2 is a red copy of Cg, a contradiction. If g" is red, 
then gdid 4 dzg"h 2 is a red copy of C*, a contradiction to our assumption. 

Now, let n > 6. By Claim I4~TT1 there is a red cycle C 4 = h\h 2 ... h™_ i, disjoint 
from Ci so that 

l^f-i n ea_i | = k - l,/ia_i \ {fc^hn^} = ea_i \ {/c 3 ,e § _ 1 } 
and for each 1 < z < ^ — 1, |dj D e 4 \ > k — 2. Since 

71 71 71 

(k - 1 )(- + 1 ) < \v(Ci u C 2 )| < (k - 1 )(- + 1 ) + L-J +1, 

there is a vertex z G (d;\{/ Cl)dp Zci,dd)n(/A{/c 2 ,/j/, k 2 ,f lt }) for some 1 <l,V < §+l. 
Using Claim ITT01 the edge 

g = (h*i \ {fctfinj) U {z} = (e» ! \ {/c 3 en_ 1 }) U { 2 } 

2 Y 2 Y 

is red. Now, using Claim 1TTTJ1 for hi = /i«_ 2 , dj = d/_i, x = lc 1 ,d l _ 1 and x' = 
fci,d t+ i, there are distinct vertices v, v' G hn _ 2 \ {fc 4 ,hn_ 2 Jc 4 ,hn _ 2 }, u G d ;_ 2 \ 
{ fci,di — 2 } and v! G di +2 \ {lc x ,d l+2 } so that at least one of the edges g' = (d/_i \ 
{x, fci,di-A) u { u iv} or g” = (di+i \ {x',lc u d l+1 }) U {v! ,v'} is red. If g' is red, then 
g'di- 2 di -3 ... didn + idn ... dighih 2 ... hn _ 2 is a red copy of C%, a contradiction. If 
g" is red, then 

gdid t -idi- 2 ... didn +1 dn ... di +2 g"hn_ 2 hn_ 3 ... h 2 hi 
is a red copy of C, p a contradiction. 


5 Concluding remarks and open problems 

Throughout this paper, we consider k > 8 for simplicity. We believe that our ap¬ 
proach can be used to prove Conjecture 11.51 for n = m and k = 7, however much 
more details are required. Therefore, it would be interesting to investigate Conjec¬ 
ture [T31 for n = m and 3 < k < 7. 
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It is known that Conjecture 11.51 is true for a fixed m > 3 if it holds for every 
m < n < 2m an]). So it would be interesting to deduce whether Conjecture 11.51 
holds for every m < n < 2m and k > 4. It seems that our method can be used to 
prove Conjecture 11.51 for m <n < 2m and sufficiently large k, but too much efforts 
and details are needed. 

Another interesting question in this direction is to prove Conjecture 11.51 for small 
values of k. As we noted in the introduction, the case k = 3 is proved in [15] and 

M- 

References 

[1] J.A. Bondy and P. Erdos, Ramsey numbers for cycles in graphs, J. Combin. Theory, Ser. B 
14 (1973),'46-54. 

[2] D. Conlon, J. Fox and B. Sudakov, Ramsey numbers of sparse hypergraphs, Random Struct. 
Algorithms 35 (2009), 1 14. 

[3] O. Cooley, N. Fountoulakis, D. Kuhn, and D. Osthus, 3-uniform hypergraphs of bounded 
degree have linear Ramsey numbers, J. Combin. Theory, Ser. B 98 (2008), 484-505. 

[4] O. Cooley, N. Fountoulakis, D. Kuhn and D. Osthus, Embeddings and Ramsey numbers of 
sparse fc-uniform hypergraphs, Combinatorica 29 (2009), 263-297. 

[5] R.J. Faudree, S.L. Lawrence, T.D. Parsons and R.H. Schelp, Path-cycle Ramsey numbers, 
Discrete Math. 10 (1974), 269-277. 

[6] R.J. Faudree and R.H. Schelp, All Ramsey numbers for cycles in graphs, Discrete Math. 8 
(1974), 313-329. 

[7] A. Figaj and T. Luczak, The Ramsey number for a triple of long even cycles, J. Combin. 
Theory, Ser. B 97 (2007), 584-596. 

[8] L. Gerencser and A. Gyarfas, On Ramsey-type problems, Annales Universitatis Scientiarum 
Budapestinensis , Eotvos Sect. Math. 10 (1967), 167-170. 

[9] A. Gyarfas and G. Raeisi, The Ramsey number of loose triangles and quadrangles in hyper¬ 
graphs, Electron. J. Combin. 19 (2012), no. 2, #R30. 

[10] A. Gyarfas, M. Ruszinko, G. Sarkozy and E. Szemeredi, Three-color Ramsey numbers for 
paths, Combinatorica 27 (2007), 35-69. 

[11] A. Gyarfas, G. Sarkozy and E. Szemeredi, The Ramsey number of diamond-matchings and 
loose cycles in hypergraphs, Electron. J. Combin. 15 (2008), no. 1, #R126. 

[12] P. Haxell, T. Luczak, Y. Peng, V. Rodl, A. Ruciiiski, M. Simonovits and J. Skokan, The 
Ramsey number for hypergraph cycles I, J. Combin. Theory, Ser. A 113 (2006), 67-83. 

[13] L. Maherani, G.R. Omidi, G. Raeisi and M. Shahsiah, The Ramsey number of loose paths in 
3-uniform hypergraphs, Electron. J. Combin. 20 (2013), no. 1, #P12. 

[14] G.R. Omidi, M. Shahsiah, Ramsey numbers of 3-uniform loose paths and loose cycles, J. 
Combin. Theory, Ser. A, 121 (2014), 6473. 

[15] G.R. Omidi, M. Shahsiah, Ramsey numbers of loose cycles in uniform hypergraphs, Submitted. 

[16] B. Nagle, S. Olsen,V. Rodl and M. Schacht, On the Ramsey number of sparse 3-graphs, Graphs 
Combin. 24 (2008), 205-228. 

[17] S. P. Radziszowski, Small Ramsey numbers, Electron. J. Combin. 1 (1994), Dynamic Surveys, 
DS1.13 (August 22, 2011). 

[181 V. Rosta, On a Ramsey-type problem of J.A. Bondy and P. Erdos, I and II, J. Combin. Theory, 
Ser. B 15 (1973), 94-104, 105-120. 


25 


6 Appendix A 

Proof the part (i) of Theorem 11.11 Let R = two e d§ e colored red 

and blue. If R is monochromatic, then clearly we are done. So we may assume R re d 
and "Hbiue are both non empty. It is easy to see that if a fc-uniform complete hyper¬ 
graph is 2-colored and both colors are used at least once, then there are two edges 
of distinct colors intersecting in k — 1 vertices (see Remark 3 of 0)- Thereby, 
we can select e = {vi,v 2 ,... ,v k } € R re d and / = {v 2 , v 3 , ..., v k+1 } <E Rhine- 
Let W = V{T~L) \ {ui,U 2 ,... ,Ujt+i}. Clearly \W\ = k — 3. Consider the edge 
g = {ui, v 2 , Ufe+i} U W. If g is red, then eg is a red copy of C 2 - Otherwise, fg 
is a blue C 2 . ■ 

Proof of Lemma 13.11 Let C = eie 2 ■■■ e n be a copy of C* in R re d with edges 
ei = {vi,v 2 ,...,v k } + (k-l)(i-l) (mod (fc - l)n), i = 

First assume that n is odd. Let 

f ( e 2 i-l \ {^c,e 2i _i}) U {lc,e 2i } 1 < i < ^, 

fi = { 

( (s2i-n-l \ {lc,e 2 i-n~i}) O { lc,e 2 i -„} — 5; * < n - 

Since there is no red copy of C*_ 1? all ff s ,1 < i < n are blue (otherwise, for some 
i, the edges fie 2i+1 e 2i+2 ■ ■ ■ e n ei... e 2i - 2 form a red Clearly /i/ 2 ... / n is a 

blue copy of C%. 

Now assume that n is even. Let 


fi={ 


(e 2 i-l \ {V( 2i -l)(fc_l), U(2i-l)(fc-l)+l I) U 1 ); v 2 i(k-l)+l} 

(fin—1 \ {^(n—l)(fc—1) > ^{n— l)(fc—1)+1}) O 1) i ^k— l} 

{ v a(k— l),^ a (fc-l)+l I ^ ( e “—1 \ { v (a— 1) (fc— 1) > v (a— l)(fc— 1)+1 }) 


1 < * < § - 1, 
i = 

§ + 1 < i < n- 1, 


„ {Wfc-2,«3(fc-i),v 3 (fe-i)+i} u (e 2 \ {«fc,W2(fc-i),^2(fc-i)+i}) i = n, 
where 1 < a < n and a = 3 — 2i(mod n). 

It is obvious that all ffs are blue. So fi ... f n is a copy of in Rbiue- ■ 


Proof of Lemma 13.21 Let C = e\e 2 ... e n be a copy of in R re d with edges 

e* = {vi,v 2 ,... ,v k } + (fc - l)(i - 1) (mod (fc - l)ra), z = l,...,n. 

First assume that n = 1, 2 (mod 3). Let /* = e 3 i _2 \ {^c,e 3i _ 2 } U {lc,e 3i }i 1 < i < n 
where indices the efs are mod n. Since there is no red copy of C XI _ 2 , all /j’s ,1 < i < n 
are blue (otherwise, for some i, the edges fi,e-t l+ \ ... form a red C^_ 2 ). Clearly 
/ 1/2 • • • fn is a blue copy of C%. 
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Now assume that n = 0 (mod 3). Partition the vertices of e* into three parts 
Ai,Bi and Q with \Ai\ > \Bi\ > \Ci\ > \Ai\ - 1 so that fc, ei G A t and lc, ei G Q. 
Clearly |Cj| > 2. Let v G Ci \ v' G Bi and v" G B 2 . Set 


y ^3(i-l)+l U B 3 ( i _ 1 ) +2 U C' 3 (j_ 1 ) +3 
An- 2 u B n _i U (C n \ {ui}) U {u} 

C2n+4-3i U B2n+3-3i U ^4 2 n+2-3* 

C 4 u B 3 U (A 2 \ {«*}) U {«'} 
C3n+5-3i U B 3n+ 4_ 3 j U ^4 3n+3 _ 3 j 


!<*<§-!, 


z 


n 

3’ 


f + i < * < - 1, 


i = 


2n 
3 > 


^■ + l<i<n — 1, 


C 5 UB 4 U (^3 \ {^ 2 (fc—i)+i}) U {u"} i = n, 


where the indices are mod n. 

It is obvious that all /*’s are blue. So f \... f n is a copy of in Bbiue- ■ 


Proof of Lemma 13.61 Suppose for a contradiction that there is no red path 
V with the above conditions. By symmetry we may assume that i = j = 1, 
ei = {vi,v 2 ,.. .,v k }, fi = {ui,u 2 , ■ ■ -,u k } and C C {u fc _i}. Let \C\ = l G {0,1}. 
Consider an edge h = .EdUW 1 U.F 1 in An U Bn so that 


W 1 C{w 1 ,w 2 ], |Wi| = 1 

Ei C (v(e 1 ) \ (CU {ui,u fc })) U {x}, x G {u',u"}. 
E\ C (P(/i) \ {ui,u fc }) U {y}, y G ««"}. 


\E 1 \-\F 1 \ 


< 1. 


Claim 6.1 The edge h is red. 


Proof of Claim f6.ll By symmetry we may assume that h G An, |Fi| > |Fi| and 
W\ C {zui}. It is easy to see that \E\\ = |_^pj and |Fi \ = W.l.g. assume 

that 

E\ = {v',V 2 , ■ ■ • ,W L fc-lj}, 

El = {lift f fc ~ ; ] | 1’ • • • 1 Uk—l, u }. 

Suppose indirectly that the edge hi = h is blue. Since there is no blue copy of 
Cii-\~i 2 , using Remark 13.51 every edge in Bn that is disjoint from hi is red. Now let 
h -2 = (hi \ {u 2 }) U {v k ~i-i}- Clearly h 2 G An- If h 2 is red, then set 

h' 2 = ((ei U/iU {iu 2 }) \ (hi UCU {vi,v k ,ui,u k ,u})^j U {u',v"} 

where u G fi \ (h 2 U {ui,u k }). Since there is no blue copy of Ci 1+ i 21 V = gig 2 is the 
desired path where gi = h 2 and g 2 = h' 2 (clearly w G e \ V where w = v 2 for e = e 3 
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and w = u for e = f \). Therefore, we may assume that the edge /t 2 is blue. For 
2 < i < let hi = {hi-i \ {fj}) U {ufe_o + n_)_ 1 }. Assume that j is the maximum 

* € [ 1 , L^J] for which h t is blue. If j < |_^r_|, then hj + \ is red. Set 

h ' j+ 1 = ((ei U/iU {rc 2 }) \ (hj U C U {vi, v k , u\, u k , u}fj U {u',v"}, 

where u G f\ \ ( hj + \ U {ui,Uk})- Clearly, h ' +1 is red. Therefore, V = g±g2 is the 

desired path where g\ = hj+\ and g 2 = h ' +1 (clearly w G e \ V where w = Vj +1 for 

e = e\ and w = u for e = f\). So we may assume that j = and hence the edge 

h 1 fc_i 1 = E'iJWi^Fi is blue, where 
L 2 J 

F {T , 1 (j^ fc-i j j)? ■ ■ ■ ■ Vk—l—2i ^k—l— l}* 

Now, set 

f |T 7 ! | — 2 if 1 = 0 and k is odd, 
m = < 

( |T 7 ! | — 1 otherwise. 

For 1 < i < m, let h^k-i j ^ i = (hyk-i^ | i 1 \ {uk-i}) U {uj_|_i}. Now, let j be the 
maximum i G [ 0 , m\ for which h^k-i j +?: is blue. If j < m, then h^k-i j +J - +1 is red. Set 

h '\h=L\ +j+ i = (( e i u A u {^2}) \ {\h=L J+i U CU {vi,v k ,ui,u k ,v}fj U {u',v"}, 

where v G ei\(/i^fe Iz ij +J . + 1 U{ui, u / ! c }UC'). Since there is no blue copy of Ci 1+ i 2 , the edge 
Kk-i, + j +1 is red. Therefore, V = g±g2 is the desired path where g\ = hyk-i j +J+1 and 
g 2 = j + j+| (clearly w G e \ V where w = v for e = e\ and w = u^-j-i for 

e = /1). So we may assume that j = m and hence the edge = E'uWiUF' 

is blue, where 

{ {n 2 ,..., u m+ \, Uk+i,u"} if Z = 0 and k is odd, 

{112, • • •, u m+ 1, u"} otherwise. 


Set /i L fc-ij +m+1 = (/i L fc-i J+m \ {i/}) U {v"}. If hyk-i J+m+1 is red, then set 


^fczij +m+ i = (( e i u h U {u> 2 }) \ {hyk-i J+m U C U {ui, v k , ui, u k , u})) U {?/', u'}, 
^ J+m+ i = ((eiU/iU{u> 2 })\(h L ^ J+m UC'U{ui,u fc ,rti,u fc ,u})) U-jV',?/}. 


where v G ei\(/i L fc-z J+m+1 U{ui, u fc }UC) and u G /i\(/i L tdj +m+1 U{ui, u fc }). 


For e = 


ei, set V = h,k~i 


h' :1 


LVJ+ m +i LMJ+^+i 


and for e = /1 set V = h, k-i 


,h 


L^J+rn+l' 1 J+m+1 - 


It is easy to see that V is the desired path. Hence, we may assume that the edge 
\k=i ]+m+1 is blue. 


Similarly, we may assume that the edge h, k=i\ +m+2 = 
is blue. If l = 0 and k is even, then clearly hyk-i j , m| 2 


(^ L ^+ J+r7J . + i \ {^ /7 }) U {^'} 
is an edge in B\\ disjoint 
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from h\. This is impossible, by Remark l 3 . 5 l Now we have one of the following cases. 


Case 1: l = 0 and k is odd. 

One can easily check that Uk+i € h\ 0 hyk-i, j +m+2 and v hz hi ^iU h, k-i, 

Let h [h -i J+m+3 = (/i L fc ^ J+ra+2 \ {n^i}) U {u*±i}. If the edge /^ J+m+3 is red, 
then set 


h lh=L) +m+3 = (( e i u /i u {^2}) \ j +m+2 U {, Vfc, wi, -Mfc, U jV,u"}, 

where r G ei \ (hyk-i j | m | , U {ui, Ufc}). It is easy to see that V = 5152 is the desired 
path where g\ = hyk~i j _|_ m+3 and 52 = M , +3 - Therefore, we may assume that 

the edge hyk-i j +m+3 is blue. That is a contradiction to Remark [ 3.51 since h,k~i, +m+3 
is an edge in B\\ disjoint from h\. 


Case 2: 1 = 1. 

First let k is even. Clearly, Vk £ h\ U hyk-i j +m+2 and i'Li = {rci}. Let 
\b=L i+m+3 = J+m+2 \ {wi}) U {vfc }. If /i L i ^ J+m+3 is red, then set 

h [kzl i+m+3 = (( e i u /iU{w 2 }) \ (\k=i i+m+2 UCU^n^ui,^,?;})) U{u',r/'}, 

^L^j +m+3 = (( e i u h u {^2}) \ (^ L ^ij +m+2 UCU {vi,w fc ,«i,«fc,u})) U {v',u"}. 

where v G ei \ 0 L *i=ij +m+3 U {vi, v k , v fc _i}) and u e fi\ (\k-i J+rn+3 U {«i,«fc}). 
Let 52 = hyk- Uj +Tn+3 . It is easy to check that R = 5152 is the desired path where 
9 i = Kk-j ,. +m+3 for e = ei and 51 = h "^ J+m+3 for e = ,/j. So, we may assume 
that the edge /i, t-ii +m+3 is blue, a contradiction to Remark 13.51 

Now, let k be odd. One can easily see that Uk+i ^ h\ U h^k-i. j +m+2 - Similarly, 
we may assume that the edge hyk-i j | m | 3 = /t. fc-z. 1 m 1 2 \ {n’l}) L 1 {wfe+i} is blue. 
That is a contradiction to Remark 13.51 This contradiction completes the proof of 
Claim HOI □ 


By Claim 16.11 we can find the favorable red V, as follow. 

First let l = 1. Set 

91 = W,V 2 , ■ ■ ■, v L fc-iJ} U {tci} U ju L fc-_ij +2 ,.. ,,u k -i,u"} 

and 

92 l^ fc-1 j | 2 ; • • • 5 — 2 5 U } U {m 2 } U {u , U 2 , U' 3 , ■ ■ ■ ■ n^ fe—l j 5 | o T ■ 

Clearly, by Claim RTT1 V = 5152 is the desired path. Now let l = 0. Set 
9 i = W,v 2 , • • -, V L#JI U { u l|J+1’ • • -, u k-i,u"}- 

For e = ei let 

92 , u^|j +2 , • ■ *, — \ , v } U {u , u 2 , • • • 5 nfc j } 
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and for e = f\ let 


92 = {^Llj+l’ ■ ■ ■ > V k-l,v"} U {u, U 2 ,..., Uyk^_ v Uyk^ + l }. 
It is easy to see that V = gig 2 is the desired path. So we are done. 


Proof of Lemma 13.81 Suppose not. By symmetry we may assume that i = j = 1, 
ei = {vi,v 2 , ■ ■ ■, Vk} and /j = {u\,u 2 , ■ ■ ■, Uk}. Consider an edge h = EijW'QF in 
A\\ U B\ 1 so that 


• W’ C B, \W'\ = 1. 

• EC. V (ei), F C V(fi) and 
Claim 6.2 The edge h is red. 


\E\ - I FI 


< 1 . 


Proof of Claim T6.2L By symmetry we may assume that h £ An, |F| > |F| and 
W' = {tui}. It is easy to see that |F| = [yy-J and |F| = |~^rr-~|. W.l.g. assume that 

E = {vi,v 2 ,.. ■ ,U L fc-ij}, 

E — {u £_ |- k—l -j | |, . . . , Uk— 1, Uk }• 

Suppose indirectly that the edge hi = h is blue. Since there is no blue copy of 
Ci 1+ i 2 , using Remark 13.51 every edge in Bn that is disjoint from hi is red. For 
2 < i < let hi = (hi -1 \ {f;}) U {ufc-j+i}. Now, let j be the maximum 

i € [1, [yy-J] for which hi is blue. If j < |_ypj, then hj+\ is red. Set 

h ' j+ 1 = ((ei U/iU {u; 2 }) \ (.hj U {u,v})^, 

hj+i = ((ei U/iU {w 2 }) \ (hj U {u ,«'})), 

where u, u', v are distinct vertices so that u, v! £ fi \ (hj + \ U {ui,Uk}) and v € ei \ 
(hj+i U{ui, Vk, Wj+i}) . Clearly, /i' +1 and h" +1 are red. Set gi = hj + \, g[ = h' +1 and 
g'l = hj +1 . Then Fi = gig( and Fi = gig\ are desired paths where v = Vj + 1 and 
u = u. So we may assume that j = [yy-J and hence the edge h,k- 1, = E'UW'CiF 
is blue, where 

E' = $V-\,V k | j 1 • • ■ , Vk- 2, Vk- 1 }. 

Now, for 1 < * < - 1 let hyk- i J+i = (h^k -\ {u k -i}) U {ttj+i}. In a 

similar way we can show that the edge hk -2 = E'UW'UF 1 is blue, where 


F' = {u 2 ,u 3 ,.. .,u^k-i v u k }. 

Now, let hk-i = (hk-2 \ {^ 1 , ^i}) U {vk,w 3 }. If hk- 1 is red, then set 

h'k-i = ((ei U/iU {w 2 }) \ (h k -2 U {u, u})) , 

K -1 = ((ei U/iU {u> 2 }) \ (h k - 2 U {u, u'})) . 

where u,v! ,v are distinct vertices so that u,u' £ /1 \ (hk- 1 U {u±,Uk}) and v £ 
ei \ (hk- 1 U {ui, Vk})- Clearly, and h k _ 1 are red. Set gi = hk- 1 , g\ = h' k _ 1 and 
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g'l = b!l_ v Then E\ = gig[ and F\ = g\g'\ are desired paths where v = v\ and 
u = u. Hence, we may assume that the edge hk-i is blue. Similarly, we may assume 
that the edge hk = (hk -1 \ {uk}) U {ui} is blue. This is a contradiction to Remark 
1331 This contradiction completes the proof of Claim 16.21 □ 

Now, we can find favorable paths as follows: 

Let 

9i = {vi,v 2 , • • • U {tci} U {u fe _|-fc^i-| +1 , • •. ,u k -i,u k }, 

9l = ^ v \_ k ~ 1 j > V [ k ~ 1 J | 3 1 • • • > v k} U { 1 U 2 } u {ui, . . . , Uy k -1 j }, 

g'l = {^l^j+ 2 ’ • • ■ > v k} u {w 2 } u {iti,..., u^k-L^_ v u k _^k-i-\ +1 }. 

Using Claim 1631 the edges g \, g\ and g\ are red and so E\ = gig[ and F\ = gig'i 
are desired paths where v = v^k-i j ^ 1 , u = and B' = {rci,^}. ■ 


Proof of Lemma 13.91 By symmetry we may assume that i = j = 2. Suppose for 
a contradiction that there is no red paths E 2 and F 2 with desired properties. Let 
x G (ei \ {ui}) D ( g\ \gi). Assume that h = E U F is an edge in A 22 so that 

F — {:£, Vk+i i ■ ■ ■ i } i 

F = { U 2k -\^\) ■ ■ ■ J u '2k-2,U2k-l}- 

Claim 6.3 The edge h is red. 

Proof of Claim 16.31 Suppose indirectly that the edge h\ = h is blue. Since there 
is no blue copy of Ci 1+ i 2 , using Remark 13.51 every edge in B- 22 that is disjoint from 
h\ is red. Now let h 2 = ( h\ \ {x}) U {v 2 k~i}. If h 2 is red, then set 

h 2 = ((e 2 U f 2 U {w}) \ (hi U {/ci,e 2 , /e 2l / 2 ,6})) U {u}, 

h 2 = ((e 2 U f 2 U {w}) \ (hi U {/ Cl , e2 , /c 2l / 2 ,«})) U {u}, 

where v G e 2 \ (h 2 L^{/ci,e 2 ,fci,e 2 }) and u G f 2 \ (h 2 U {/e 2 ,/ 2 Jc 2 ,f 2 })- Set 92 = K, 
g 2 = h 2 and g' 2 = g' 2 = h 2 . Since there is no blue copy of Ci 1+ i 2 , E 2 = g 2 g' 2 and 
F 2 = g 2 g '2 are desired paths. Therefore, we may assume that the edge h 2 is blue. 
For 3 < l < Llj + 1, let hi = (h;_i \ {vk- 2 + 1 }) U {u 2 fc_z+i}. Assume that l' is the 
maximum l G [2, + 1] for which hi is blue. If l' < [|j + 1, then hi / + i is red. Set 

K '+1 = (( e 2 U f 2 U {w}) \ ( 1 hy U {/ci,e 2 ,/c 2 ,/ 2 ,«})) U {u,v}, 

whereji G f 2 \ (h u+1 U {/c 2 ,/ 2 ^c 2 ,/ 2 })- Clearly, h' v+1 is red. Set g 2 =g 2 = h' v+1 and 
92 = g '2 = hi'+i- Since there is no blue copy of C h+hl E 2 = g 2 g' 2 and F 2 = g 2 g' 2 

are desired paths. Also, £ 2 = £\E 2 and T 2 = £\F 2 are two red paths of length 4. 

Therefore, we may assume that l' = |_fj + 1 and hence the edge h^fcj +1 = E' U F is 
blue, where 

F' = {u 2fc _|Jj, . . . , V 2 k-2, V 2 k-l}. 

Now, set m = [|J - 1- For 1 < l < m, let h^j +m = (h^k^ +l \ {^ 2 (fc— 1 )—z+i}) U 
{uk+i}- Let l' be the maximum l G [0, m] for which h^j +;+1 is blue. Similar to the 
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above argument we can show that V = m and hence the edge hyk, +m+1 = E' U F' 
is blue, where 

{ {u k+ i,...,u k+m ,U 2 k-i} if A; is even, 

{^fc+l) • • • j ^k+m i ^fc+m+l i ^2k— 1} If ^ IS odd. 

Let h y fc J+m+2 = (hyk l+m+1 \ {u 2k - 1 }) U {u}. If hyk }+m+2 is red, then set 

2 U /2 U {re}) \ ij^yh U {fci,e2 > fc2,f2 > ^C2T25 ^})) L) {u, u}, 

where u <E e 2 \ (h L |j +m+2 U {/ci,e 2 ^Ci,e 2 })- Since there is no blue copy of C/ 1+ ; 2 , 
the edge fr'k J+m+2 is red. Set g 2 = g 2 = ^ L | J+TO+2 and g’ 2 = 7 2 = & L i J+m+2 - 

Therefore, U 2 = 9 2 g 2 and F 2 = 52^2 are desired paths. So we may assume that the 
edge hyt J+m+2 is blue. 

If k is even, then clearly hyk, +m+2 is an edge in B 22 disjoint from h\. This is 
impossible, by Remark 13.51 Now we may assume that k is odd. One can easily 
see that ^ hi U hyk^ +m+2 and u k+ k I1 i £ hi D h 1 fcj +m+2 - Similarly, we can 

show that the edge hyk j +m+3 = hyk, +m+2 \ {u k+ k- 1 }) U {v k+k =i } is blue. That is a 
contradiction to Remark 13.51 This contradiction completes the proof of Claim RTTil 
□ 


Now, let h' = E U F be an edge in B 22 so that 

E = E' U Od.ea}, \E\ = r^l, E' C e 2 \{fc 1 ,e 2 Jc 1 ,e 2 }, 

F = F f U {«}, PH = L|j, 

By an argument similar to the proof of Claim 16.31 we can show the following. 
Claim 6.4 The edge h! is red. 

Now, by choosing edges h and h! appropriately as follows, we can find red paths E 2 
and F 2 with desired properties. Let 

92 =g 2 = h = {x,V k+ i,. . . ,U( fc _ 1)+ |_fcj} U {U 2k _yk v -. ■ ,U 2 k- 2 ,U 2 k-l}- 

Set E 2 = g 2 g 2 and F 2 = g 2 g' 2 where 

92 ~ —1-1-J 1 V k+ Lf 1+1’ ■ ■ ■ ’ W 2fc—2i ^Ci,e2} LI {u, U k - 1-1, • • ■ , U k +yk^_ 2 }, 

9'2 = j v 2k-2, lCi,e 2 } U { u i u k+li ■ ■ ■ j ^fc + |_|j_ 2 ) u k+[h\}- 

Using Claims 16.31 and 16.41 E 2 = g 2 g 2 and F- 2 = g 2 g' 2 are desired paths. Note that, 
E 2 = £\E 2 and T 2 = E\F 2 are two red paths of length 4. This is a contradiction to 
our assumption and so we are done. ■ 
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Proof of Lemma 13.101 Suppose for a contradiction that there is no red paths 
Ei and Fi with desired properties. Let v! £ /*_i \ (Fj_i U {fc 2 ,fi -1 }) , v £ (ej_i \ 
{/ci,ei_i}) H (g'j-i \ ft_i) and w £ TP \ (U}=i Bj). Assume that h = E U F is an 
edge in An so that 

E = EU{v}, \E\ = L^J, ^C e ,\{/ Cl , ei ,Z Cl)ei }, 

F = FUfe i/ J, |F| = ^1, 

Claim 6.5 The edge h is red. 

Proof of Claim 16.51 By changing the indices we may assume that 

E — {u, ■ ■ ■ j W (fe_i)(i_i)+L|j}’ 

^ — {’ U (fc-l)i-[|]+2’ ' ' ' > u (k—l)it lc 2 Ji}- 

Suppose indirectly that the edge h\ = h is blue. Since there is no blue copy of 
Ci 1+ i 2 , using Remark 13.51 every edge in B u that is disjoint from h\ is red. Now let 
h 2 = (hi \ {u (A ._ 1)( j_ 1)+2 }) U If h 2 is red, then set 

h 2 = ((ei U fi U {w}) \ (/n U {f Cl , ei , fc 2 Ji, k 2 ,f v «})) U {u}, 

where u £ /,; \ (h 2 U {/&,/*, Jc 2 ,/J)- Set g t = g l = h^ and g\ = g\ = h 2 . Since 
there is no blue copy of Ci 1+ i 2 , Ei = gjg( and Fi = Jj % g' % are desired paths (clearly, 
u (fc _i) ( i_i )+2 £ e* \ (Ei U {/cj.eJ), uefi\(FiU {fc 2 ji})- So for V = Ei-i, VEi and 
VFi are two red paths of length 2 i. Therefore, we may assume that the edge h 2 is 
blue. For 2 < l < [|j, let hi = (hi- X \ {u (fe _i) ( i_i )+/ }) U {u (fc _i)i_ z+2 }. Assume that 
l' is the maximum l £ [1, |_§J] for which hi is blue. If l 1 < [fj, then hi > + 1 is red. Set 

K+i = (( e * u fi u M) \ ( h v u {/Ci, ei , /c 2 ,/ i? «})) U K}, 

where u £ fi \ (h v+ \ U {/c 2 ,/i> A 2 ,/J)- Clearly, h' v+1 is red. Set g i =g i = h v+ i and 
9i = h'i = K'+i- Since there is no blue copy of C/ 1+ / 2 , Ei = gig\ and Fj = g^g'i are 
desired paths (clearly up c _ 1 )(i_ 1 ) + // + i £ ei\(£iU{/ Cl , ei }) and u £ /A(^ u {/e 2 ,/J))- 
So for V = Ei- 1 , VEi and VFi are two red paths of length 2 i. Therefore, we may 
assume that l' = and hence the edge = E" U F is blue, where 

E — {v, • • • , V(k— l)i— 1 ) V(k— l)i}- 

Now, set m = [fj - 1. For 1 < l < m, let \^ +l = (h [ |j +; _ 1 \ {u (fc _i)j_ m }) U 
{tt(fc_i)(i_ 1 )_|_i +1 }. Now, let l' be the maximum l £ [0, rn] for which h^k^ +l is blue. If 
l 1 < m, then h^k^ +l , +1 is red. Set 

h [k\+l'+l = (( e * U A U M) \ ( h y\\+V U {fci,ei, fc 2 Ji, lc 2 Ji,v})) u {V}, 

where v £ e* \ (h,k j + ;/ +1 U {fci,eiJci,ei})- Since there is no blue copy of C; 1+ / 2 , the 
edge |j +m is red. Set g t = g i = h ^| J+i , +1 and g( = g' t = h '^| J+Z , +1 - Therefore, 
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Ei = gigl and F % = g t g' % are desired paths (clearly v G e* \ (E t U {/ci, e J) and 
G h \ ( Fi U {fc 2 Ji})) and for V = Fi- 1 , VEi and VFi are two red paths 
of length 2 i. So we may assume that V = m and hence the edge hyk, +m = E" U F" 
is blue, where 

i)(i— i)+2j ■ ■ ■ ? i)(z—i)+m+i5 ^2,/*} if ^ is even, 

l)(i—1)+2 5 • • • 5 ^(k— l)(z—l)+m+l 5 ^(Ai—l)(z—l)+m+2 5 if ^ i® odd. 


Let hy |j +m+1 = (^Lfj+m \ M) u {fci,ej- If L L | J+m+1 is red, then set 

h [k j +m +l = (( e * U /* U M) \ (^L|j+m U {/Ci I e 1 ,/c 2l / i ,iCa,/ i ,u})) U {«}, 

^ L '|j +m+ l = ((e* U/.U {w}) \ (\k i+m U {/Ci,e i5 fC 2 ,fi,lC 2 ,fi> “})) u M- 

where jj£e t \ (h L | J+m+1 U {/c 1) e i ,fci,e i }), « € /j \ (^ L | J+m+ i U {/e 2> /,-, k 2 ,/,}) and 
u e (/j-1 \ {/c 2 ,/,_i}) n (g'j_i \5i-i)- Set £>' = g'j = hyk i+m+1 , g t = L' L | J+m+1 and 
Si = /i / | / fc, +m+1 . It is easy to see that E t = g,;g' and Fj = g t g' t are the desired paths 

and hence for P = Pj_i, £j = PBj and Pi = VFi are two favorable red paths of 
length 2 i. So, we may assume that the edge hyk^ +m+1 is blue. 

Now, let hyk ]+m+2 = {hyk }+m+1 \ {fc 2 ,/J) U {«'}. If hyk }+m+2 is red, then set 

h [k\+m +2 = (( e * U /* U M) \ (^Lfj+m+1 U {/Cl , fci , fc 2 ,fi Jc 2 ,fi, «})) U {«,«'}, 

where D G e* \ (hy^ +m+2 U {/e ljei , fci.ej)- Since there is no blue copy of C h+h , the 
edge tiyk J+m+2 is red. Set g i =g i = h|| J+m+2 and .g,- = g\ = hy^ +m+2 . Therefore, 

Ei = g,.g( and Bj = g,i/i are the desired path (clearly v G ej \ (.Bj U {/ci,e;}) and 
lc 2 ,fi G h \ (Fi U {/c 2 ,/J)- So for P = Bj_i, ^ = PBj and Bj = VFi are two red 
paths of length 2 i. So we may assume that the edge hyk^ +m+2 is blue. 

If k is even, then clearly h,k j +m _|_ 2 i s an e( fge in Bn disjoint from hi. This is im¬ 
possible, by Remark 13.51 Now we may assume that k is odd. One can easily see that 
v (k _ 1){i _ 1)+ k±L i h\ U hyk^ +m+2 and u (fc _ 1)(i _ 1)+i £i G hi n ^ L | J+m+2 - Similarly, we 
can show that the edge /* L |j +m+3 = hyk }+m+2 \{u {k _ 1){i _ 1)+! ^i })U{u (fe _ 1)( ._ 1)+ fc±i } 
is blue. That is a contradiction to Remark 13.51 This contradiction completes the 
proof of Claim 16.51 □ 


Now, let h' = E' U F' be an edge in Bn so that 

E , =Wu{l Cl ,e i }, |B'| = f|l, FCejM/c^M. 
B' = B 7 U {«'}, |P'| = L^J, F> Q fiMfc^lc^}- 
Claim 6.6 The edge h' is red. 
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Proof of Claim 16.61 By changing the indices we may assume that 


^ {^(£-1)*-[’ll+2’ ' ' ■ > v (k-l)ii 

F = {ll 1 ' u (fe_l)(i_l)+2> • • • i u (fc-l)(i-l)+[|j }■ 

Suppose indirectly that the edge h\ = h! is blue. Let rn = [_§J. For 2 < l < m, let 
hi = (hi- 1 \ {u(fc_!)j_j +2 }) U Similar to the proof of Claim [631 we 

can show that the edge h m = E" U F' is blue where 

i)(i—i)+ 2 i • • • i ^(fc— 1 )(*—i)+m) ^Ci,ei} if k is even, 

{^(k— l)(i—1)+2j • • • j ^(fc—l)(i—l)+m> ^{k— l)(i— l)+m+l i ^Ci,ei} if k is odd. 


Now, set rn! = [|j -1. For 1 < l < m', let h m+l = (/i m+ j_i\{u (fc _i) (i _i) +z+1 }) U 
{ u (k-i)i+i-l}- By an argument similar to the proof of Claim 16.51 we may assume 
that the edge h m+rn f = E" U F" is blue, where 

F 5 ^(k—l)i— m'+l? • • • 5 ^(k—l)i}' 

Let \ {u }) U B ^m+m'+i is red, then set 

Kn+m’+i = ((e* U/jU {w }) \ (h m+m ' U {/c 1>ei , fc 2 ,fi^})) U M, 

hyn+m'+l = (( e * 0 fj U {if}) \ (h m +m' U {fci,ei i^Ci ,ej j fC 2 ,fi > L) {f}. 

whereju € e* \ (h m+m / + i U {/c lie< , fci.ej) and u £ fo\ (h m+rn > +l U {/c 2 ,/i JczjJ)- Set 
.9, = g'i = hrn+m'+i, [h = h' m+m , +1 and g t = h"+m'+i • ^ is eas y to see that ^ = 9i9i 
and Ej = 'g i g' i are desired paths. Clearly for V = F % -\ . Si = VEi and Fi = VFi 
are two red paths of length 2 i. Hence, we may assume that the edge h m+m '+i is blue. 

Let v' £ e,_i \ (E*_i U {fcua-A) and 2 — (^m+m'+l \fc,eJ)UK}. If 

hm+m' +2 is red, then set 

Kn+m '+2 = (( e * U ft U M) \ (hm+m' + l U {f Cl , ei , fci ,e;, fc 2 Ji, l<h,fi , «})) U {“, «'}> 

h m +m '+2 = (( e * U fi U \ (/im+m'+l U {/ci,eii ^Ci,e;i /c 2 ,/i5 ^C 2 ,/jj ft})) U {h, U }. 

where »ee,\ (h m+m '+2 U {/c 1>ei , fci, e J), u € fi \Jh m+m / +2 U {/c 2l /;, fc 2 ,/;}) and 
^ ^ (fi— i \ {/c 2 ,/,_i}) C (</j_i \ <7*—i) • Set = g'i = h m +m'+ 2 -i gi = h m _|_ m /_|_ 2 
and = h'F m , +2 . Then E* = and E* = are desired paths (note that 
h € e* \ (Ej U {/ci, e J) and u £ fi\(Fi U {/c 2 ,/J)) and so for E = £j_i, S % = EE* and 
Jy = EEj are two red paths of length 2z, a contradiction to our assumption. Hence, 
we may assume that the edge h m + m '+2 is blue. 

If fc is even, then clearly h m +m'+2 is an edge in ^4,;j disjoint from h\. This is 
impossible, by Remark 13.51 Now we may assume that k is odd. One can easily see 
that 1 € hi 0 hm+m '+2 and ^ hi Uh m+m / +2 . Similarly, 

we can show that the edge 

hm+m'+3 = (h m +m'+2 \ Mi }) 0 {' U, (fc_i)(i_i)_|-Mi } 
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is blue. Hence, h m+rn > +3 is an edge in An disjoint from hi, that is a contradiction 
to Remark 13.51 This contradiction completes the proof of Claim 16.61 □ 


Now, by choosing edges h and h' appropriately as follows, we can find red paths 
E, and F t with desired properties. Let 

9i — {v, v (fc-l)(i-l)+ 2 > • • • I } U • • • 5 u (k-l)ii ^C 2 ,/i}• 

Set Et = gig[ and F { = g x g', where g, = g t and 

9i = { w (fc-l)(j_l)+L|j > w (fc-l)(i-l)+|_|j+2> V (fc~l)(i-l)+L|j+3’ • • • ’ v (k-l)ijci, ei } 
U{li , ^(fe—l)(i—1)+2 j ■ ■ ■ 5 ' U (fc_i)(j_i) + L|j }! 
d'i — {' u (fc-l)(i-l)+L|j+l’ • • • ’ v (k-l)iJCi,ei} 

Using Claims RTal and RUil E % and F % are desired paths (clearly, k , +1 G 

\ {Ei U {f Cl , ei }) and u (fe _ 1)( ._ 1)+L |j € /; \ (Fj U {/c 2) /J)). Note that, Si = VEi and 
Fj = VFi are two red paths of length 2 i where V = F % - 1 . This is a contradiction to 
our assumption and so we are done. ■ 

Proof of Lemma I3.12L Let C\ = eie 2 ... and C 2 = / 1/2 • • • f n +1 be copies 

2 2 

of 1 and C£+i in T-Lbiue with edges 
2 2 

/ Tt — 1\ Tl — 1 

e i = {vi,v 2 ,.. .,v k } + (k- l)(i - l)^mod (k - 1)(—^—)J, i = 1,2,... , —— 

and 

fi = {u\,u 2 , ...,u k } + (k- 1 )(i - l)(mod (k - l)(^yh), i = 1 , 2 ,..., 

Let W = V(T~L) \ U(Ci U C 2 ). First assume that n = 5. Since there is no blue copy 
of C 5 , consider i = j = 1, e = f±, B = W = { 101 , 102 }, C = {ufc_i}, v' = v\, u! = u\, 
v" = v k , u" = u k and use Lemma [3.61 to obtain a red path V = g\g 2 with the 
mentioned properties in Lemma [3761 Clearly, V(V) C (v{ei U / 1 ) \ U W 

and g\ fl W 7 ^ 0. With no loss of generality assume that w\ € W fl g\. Set 

h = (e 2 \ {v k ,v 2k - 2 ,vi}) U {®i,u 3 fc _ 3 ,yi}, 

and 

h' = (/3 \ {u3k-4,U3k-3,Ul}) U {wi,V 2k - 2 ,X 2 }, 

where x 1 € (gi\g 2 )F(ei\{vi}), yi € ( 92 \ 9 i)n(/i\{itfc» and x 2 G (g 2 \gi)F{e 1 \{v k }). 
Since there is no blue copy of , at least one of Vh or Vh! is a red C 3 and so we 
are done. 

Now, let n > 7. We find a red C(; +] as follows. 
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Step 1: Put i = j = 1, e = fi, C = 0, v' = ft, u' = u\, v" = ft, u" = Uk 
and use Lemma [3761 to obtain a red path V = ftft with the mentioned properties 
in Lemma [Ml So V(V t ) C V( ei U A) U W and \V{Vi) D W\ < 1. 


Step 2 : For n = 7 go to step 3. Otherwise, do the following process times. For 
1 < % < Ar+ let 

^*+1 (O+l \ {/Ci,ei+i) ^(i+l)(fc—1)) ^Ci,ei+i })0 
{2-1+1) ^(j+l)(fc—1) ) ^C2,/i+l }) 

and 

^i+l (/*+l \ {/C2,h+i) ^(i+l)(fc—1)) ^C2,fi+i })U 
{yi+i) 2i(j+i)(fc—i)) ^Ci+i+i}) 

where x i+1 E (ft+i \ ft) 0 (ft \ {/c 1>ei }) and ft+i E (ft+i \ ft) 0 (A \ {/c 2 ,/J) are 
vertices with maximum indices. One can easily check that at least one of hi + \ or 
h' i+l , say ft-|_2, is red. Set Vi+\ = 'Pjft+2- Clearly 'Pj+i is a red path of length z + 2. 


Step 3: Let 


and 


hn =3 — ( e n=± \ {/Cl + n-l ) + V l})U 

, Un-ji ) lc2,f n~3 } > 


h n-3 (/" \ {/C2,/n-3 > ('fc—Ip ^C2,f n-3 })C 


{z/n^3 , fci,e n -1 ) ^21=3 

where x™^ € (ft \ ft) 0 (ei \ {ft}) is the vertex with minimum indices and z/n^ E 
2 2 

(q n—3 \ gn^ 5 ) O ( fn -5 \ {/c 2 ./ ri _ 5 }) is the vertex with maximum indices. If i 
red, then set 

^'22_=a — {en ^3 \ {fCl,e n-3 1 V ILzl (k — IP ^C\,e n -3 })C 

lc 2 ,fn -3 }) 


IS 


and 


^ 4=1 — (/^ \ {fc 2 ,f n -3 ) U "+£| , fc-l'|+fc-2i ^2,/n-3 }) U 
felizl) v n^l(k-l)^Ci,e„-3 }) 

where x™^ € (gn -3 \ 9^) O (en-5 \ {/X er ._ s }) and z/n^u € (5n^3 \ -5) fl (fn- 5 \ 

2 2 2 2 ’ — 5 — 2 2 2 2 

{/c 2 ,/n -5 })• So clearly at least one of Vn-shn-i hn -3 or P..-5 hn -3 is a red 

—^— 2 2 2 2 2 2 

C^ + i • Now, assume that h n-3 is blue. If A n _ 3 is blue, then 
2 2 2 

Cl (3 2 • • • 6 n — 3 h n — 3 f n — 5 f n — 7 . . . f { f n -\-1 f n — 1 h n — 3 , 

2 ~^ 2 ~“ 2 2 2 2 2 

is a blue copy of C^, a contradiction. So is red. Therefore, set 

2 

/ln -1 = (en^l \ {Wn z 3j l ._ 1 j +2 ) !, l}) U {«+l((._ 1 ),!/nd}] 
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and 


h n— 1 (.f n+l \ jlin+1^ 1 ) 5 ^ 1 }) O {Utt^3 ^ Ihul L }; 

where x^-i € (yi \ 52 ) n (ei \ {u fc }) and y^ € (yi \ g 2 ) n (/1 \ {u fc }) are vertices 
2 2 _ 

with minimum indices. Since at least one of /inm and , say hn- 1 , is red, then 
__ 2 2 2 

Vn=5.h' n _ 3 hn^i is a red C^ + i, which completes the proof. 

2 -5- 2 — 


Proof of Lemma 13.131 Let Ci = eie 2 ... es_i and C 2 = / 1/2 • • • /f +1 be copies 

of and d,, in "Hbiue with edges 
2 2 + 

/ 77/ \ 77/ 

e* = {ui,u 2 ,... ,u fc } + (fc - l)(i - 1) (mod (k - 1)(- - 1)J, i = 1, 2,..., - - 1, 

77- 77- 

ft = {ui,u 2 ,.. .,u k } + (k - 1 )(* - l)(mod (A: - 1)(- + 1)), i = 1,2,...,- + 1, 

and hh = P("H) \ P(Ci U C 2 ). First let n > 8. We can find a red copy of C|,. as 
follows. 

Step 1: Put i = j = 1, B = {w\,w 2 } C W, C = {ufc_i}, v' = v\, v! = rti, 
v" = Ufc and u" = Then use Lemma T3.6I for e = ei (resp. e = / 1 ), to obtain 
a red path E\ (resp. F\) of length 2 with the mentioned properties in Lemma 13.61 
Now, use Lemma 13. 101 for i = 2, to obtain two red paths E 2 and F 2 of length 2 with 
the mentioned properties in Lemma 13.101 So £ 2 = VE 2 is a red path of length 4 for 
some V € {Ei,Fi}. Assume that V 2 = S 2 = gig^^g^. With no loss of generality we 
may assume that w\ £ gi \ g 2 ■ 

Step 2: If n = 8 go to step 3. Otherwise, do the following process § — 4 times. For 
1 < * < § - 4, let 


hi-\- 2 (Cj+2 \ {/Ci,ei+2 j' y (i+2)(fc—1) dCi,ei+2 })0 

■{Ti+ 2 ; 3/(j_j_2)(fe — 1) ! ^2 Ji+2 } 


and 

hi +2 — (/i+2 \ {/c2,/i+2 > ^(i+2)(fc—1) dc2,/i+2})U 
{l/i+2) ^(i+2)(A:—1)? ^Ci,ei+2 }> 

where x i+2 € (#i+3 W 2 )n(ej + i\{/ Cl , ei+1 }) and y i+ i € (yj+ 3 \5j+2)n(/i + i\{/c 2 ,/ i+1 }) 
are vertices with maximum indices. Since at least one of hi +2 and h' i+2 , say y* + 4 , is 
red, clearly P *+2 = Pj+igi +4 is a red path of length i + 4. 


Step 3: Set 


and 


/l|_i - (e|_! \ {/ci,en_ 1 ,f(|-l)(fc-l),Xi})U 

^2-i = (/f-1 \ {/C 2 ,/n_i,^(f-l)(fe-l)dC 2 > /n_ 1 })U 

{y§-i, v (f-i)(*_i), ®5_i}, 
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so that x'n _ j G (< 7 i \ < 72 ) H (ei \ {ffc}) is a vertex with minimum index and .'Cs_ 1 G 
2 2 

( 5 s\ 5 n_i)n(en_ 2 \{/ Clie „_ 2 }), G (y«\y«_i)D(/™_ 2 \{/e 2 ,/ s _ 2 }) are vertices 


with maximum indices. Clearly, at least one of Vn- 2 hn__i or Vn.— 2 h'n_, is a red 


r+i- 


Now, let n = 6 . Suppose indirectly that there is no blue copy of Cf. Put 
* = j = 1, e = / 1 , B = W = {w 1 ,w 2 }, C = {u fc _i}, v' = vt, v! = m, v" = v k , 
u" = Uk and use Lemma [3761 to obtain a red path V = g\g 2 with so that V(V) C 
(p(eiU/i)\{u fc _i})u5, (gi\g 2 )^B ^ 0 and there isavertexy G /i\(V(P)U{ui}) . 
With no loss of generality assume that w\ G g\ \ g 2 . Let x G (ei \ {ui}) fl (g 2 \ gi), 
x' G (ei \ {ryj) D (<71 \ 52 ) and h = FAdF is an edge in A 22 so that 

F = {•*-? v k +1 j ■ • • 1 

F = {^ 2 ^— 1 "^] > ■ ■ ■ > u 2 k— l}- 
Claim 6.7 The edge h is red. 

Proof of Claim 16.71 Suppose indirectly that the edge h\ = h is blue. Since there 
is no blue copy of , using Remark 13.51 every edge in B 22 that is disjoint from h\ 
is red. For 2 < l < [|j, let hi = (hi -1 \ {v k -i+i}) U {u 2 (fe_i)_ ;+2 }- Assume that V is 
the maximum l G [1, [fj] for which hi is blue. If V < |_fj, then hi >+1 is red. Set 

K'+ 1 = (( e 2 U f 2 ) \ (h v U {v k ,vi,u k ,lc2j 2 })) u {y,x'}. 

Since there is no blue copy of Cg, the edge h [,, 1 is red and Vhi> + ih' l/+1 is a red copy 
of C 4 . So we may assume that V = |_§ J and the edge hyk^ = LI' U F is blue, where 

F V 2k _|^J ; • • • 5 ^2k —3) ^2k — 2 }* 

Now, set m = |_fj - 1. For 1 < l < m, let h^ +l = (hykj +l _i \ {« 2 (fc-i)-i+i}) u 
{uk+i}- Now, let l' be the maximum l G [0, m\ for which hyk, +l is blue. If V < m, 
then hyk j +i , +1 is red. Set 

J+Z'+I = (( e 2 U f2) \ ( h \_%]+l> U { V l’ V k,UkJc 2 ,f 2 })) U {y,x'}. 

Since there is no blue copy of Cg, the edge /ij*j +z , +1 is red and Vhyk^ +l , +l h'yk^ +l , +l is 

a red copy of Cf. So we may assume that V = m and hence the edge h,k, +m = E'uF' 
is blue, where 

{ {u k + 1 , • • ■, u k+m ,u 2 fe— 1 } k is even, 

{^fc+l j • • ■ > 'U’k+mi 'Wfc+m+l j ^2k~ 1} k is odd. 

Let y' G (y 2 \ 9i) n (/i \ {iti}). Now, consider the edge hyk^ +m+1 = (hyk^ +m \ 
{x,u 2k - J) U {v k -i,y'}. If /i|jj +m+1 is red, then set 

^Lfj+m+l ((e 2 U/ 2 )\(/i L | J+m U {v k ,vi,u k ,l C 2,f2i u})) U {y,v k -i,wi}, 
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where it € f 2 \ (h|_|j +m U {u k , u 2 k -i})- Clearly, Vh^ +m+l h'^ +m+l is a red copy 

of Cf, a contradiction to our assumption. So we may assume that h, k , +m+1 is blue. 
If k is even, then clearly h,k, +m+1 is an edge in £> 22 disjoint from hi, that is a 
contradiction to Remark 13.51 

Now, we may assume that k is odd. One can easily check that v k+ ,k, (ji 
hi U and € hi 0 hyk i +m+1 . By an argument similar to the above, 

we can show that the edge h,k, +m+2 = (h,k, +m+1 \ {n fc+ ^j}) U {u fc+ i k,} is blue. 
That is a contradiction to Remark 13.51 since h^k< +m+2 is a blue edge in B 22 disjoint 
from hi. This contradiction completes the proof of Claim [6771 □ 


Now, let h' = ElJF be an edge in B 22 so that 
E = {n 2fc _|-|-|, • • • , V2k-2i X }, 

E = {y , Uk+ 1 , • • • j 

Claim 6.8 The edge h! is red. 

Suppose indirectly that the edge hi = h! is blue. Let m = m' = |_|J — 1. Similar to 
the proof of Claim [6771 we can show that the edge h m+m > + i = E' U F' is blue where 

F' = {y,u 2k _^k i ,...,u 2 k- 2 } 

and 

{ {v k+ i,..., v k+m , x'} k is even, 

{v k +i ,..., V k + m , Vk+m +1 , x'} k is odd. 

Now, consider the edge h m -|_ m / _|_2 = \ {y}) U {u 2 k — i}* If ^ra+ra'H- 2 IS 

red, then set 

h' m+m , +2 = ((e 2 U f 2 ) \ (h m+m >+1 U {v k , vi,u k }fj U {x}. 

It is easy to see that h' m+m , +2 is red and Vh' m+rn , +2 h m+rn i +2 is a red copy of C\, a 
contradiction to our assumptions. So we may assume that h m +m '+2 is blue. 

Now, let 


^ra+m'H- 3 = (h m+m / +2 \ {x',v k+ \ U {v k -i,wi}. 

If /& m + m '+3 is red, then set 

^m+ra'+S ^(e 2 U / 2 ) \ (h m + m '+ 2 U {ufc, ui, Wfc}U {u/j—i, y }, 

where y' € (/1 \ {ui}) fl (g 2 Since there is no blue copy of C k , then h' m+rn , +3 is 
red and hence Vh , rn+rn , +3 h rn+m i + 3 is a red copy of C\ , a contradiction to our assump¬ 
tion. So we may assume that the edge h m+rn ' + 3 is blue. Notice that h m+m ' + 3 is a 
blue edge in _4 . 22 disjoint from hi, a contradiction to Remark [375) This contradiction 


40 


completes the proof of Claim [6T8l P 


Now, let 

h = {x, Vk+l, ■ ■ ■ , J_ 1 } U {_ u 2 k— f|l > ■ ■ • > u 2 k—l\ 1 

h J _i 5 i ■ ■ ■ ) ^2k—2 , X } U {'ll , Uk+i , . . . , ^ j }• 

Using Claims [71771 and RTHl the edges h and h! are red. So Vhh! is a red copy of 
This contradicts our assumption. So we are done. ■ 
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